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Dynamic Geometry Software: The Teacher’s Role in Facilitating Instrumental 
Genesis 
Nicola Bretscher 
King’s College London 
In  the  UK,  teachers’  use  of  dynamic  geometry  software  (DGS)  has 
remained limited. The importance of the teacher’s role is often stated in 
dynamic geometry research but has been seldom elaborated. This study 
aims to address the apparent deficiency in research. The author conducted 
the research in the role of a practitioner-researcher with a high ability year 
8  class.  By  analysing  teacher/pupil  interactions  in  a  DGS  context, 
elements of instrumental genesis are distinguished in pupils’ dialogue and 
written  work  which  suggest  strategies  that  teachers  can  employ  to 
facilitate  this  process.  Whilst  these  strategies  are  specific  to  a  DGS 
context, they highlight general principles of mathematics teaching. This 
paper  argues  that  the  focus  of  research  needs  to  shift  away  from  the 
context, towards teachers and the strategies they employ. 
Keywords: Teacher’s role; Dynamic geometry; Instrumental genesis 
 
Introduction 
This  study  aims  to  elicit  teaching  strategies  that  teachers  might  employ  in  their 
classrooms to help pupils engage constructively with DGS. Currently DGS has made 
little impact in the UK: despite recommendations in the Key Stage 3 Mathematics 
Framework  for  using  DGS  to  develop  geometrical  reasoning,  classroom  use  has 
remained limited (Ofsted 2004). Research generally presents DGS as a potentially 
important and effective tool in the teaching and learning of geometry, however it has 
tended  to  focus  on  elaborating  situations  of  innovative  use  and  student/machine 
interaction. Lagrange et al (2003) paint a picture of research on ICT in mathematics 
education as a field dominated by “publications about innovative use or new tools and 
applications” where issues of the integration of technology into ordinary classrooms 
have been largely neglected. In particular, the voice and role of the teacher has been 
notably absent. This study hopes to re-focus on “the teacher dimension” (Lagrange et 
al. 2003). The author carried out this study in the role of a practitioner-researcher with 
a high ability year 8 class. Whilst the class cannot be deemed to be representative, 
nevertheless this study can claim to respond to the need for research into how DGS is 
integrated into the ordinary classroom.  
The instrumental approach, described in the next section, was used to analyse 
teacher/pupil  interactions  in  order  to  draw  out  teaching  strategies  which  might 
facilitate pupils’ instrumental genesis. 
The Instrumental Approach 
Instrumental genesis is described as the process by which an artefact is transformed 
into an instrument by the subject or user (Guin and Trouche 1999). An artefact is a Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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material  or  abstract  object,  given  to  a  subject.  An  instrument  is  a  psychological 
construct built from the artefact by the subject internalising its constraints, resources 
and  procedures  (Guin  and  Trouche  1999).  Once  the  user  has  achieved 
instrumentalisation, he is able to reinterpret or reflect on the activity he is engaged in. 
Drijvers and Gravemeijer (2005) describe instrumental genesis as the “emergence and 
evolution  of  utilisation  schemes”.  A  utilisation  scheme  is  a  “stable  mental 
organisation” including both technical skills and supporting concepts as a method of 
using the artefact for a given class of tasks (Drijvers and Gravemeijer 2005). The 
interrelation  between  machine  techniques  and  concepts  seems  important  since 
Drijvers and Gravemeijer (2005) found that the apparent technical difficulties that 
students had often had a conceptual background.  
The instrumental approach has been mainly developed and applied within the 
context  of  computer  algebra  software  (Drijvers  and  Gravemeijer  2005)  and  there 
remains a question over how general its applicability is. Drijvers and Gravemeijer 
(2005) cite two examples where the instrumental approach has been applied to DGS. 
Thus it seems instrumental genesis may be an appropriate tool to analyse observations 
of student behaviour within a dynamic geometry environment. 
Research context and methodology 
This study was conducted as part of a Best Practice Research Scholarship-funded 
project on using DGS as a resource for teaching geometrical proof. The research was 
conducted with year 8 pupils in response to the need for more research on the impact 
of DGS on students in lower secondary school (Marrades and Gutiérrez 2000). An 
added advantage was that year 8 pupils are not subject to public examinations, the 
curriculum  is  less  pressurised  and  therefore  ethical  considerations  about  deviating 
from schemes of work were somewhat reduced. The school in which the research was 
conducted is a private day  school for girls. The research was conducted with the 
highest attaining set in year 8, containing 23 pupils, with girls expected to achieve 
levels 7 or 8 at Key Stage 3. In common with several other research studies, this was 
seen  as  an  advantage  since  students  judged  to  be  above  average  in  mathematical 
ability are most likely to be able to engage with proving processes and therefore allow 
meaningful data collection to take place (Jones 2000; Marrades and Gutiérrez 2000).  
In this paper, I consider data drawn from a sequence of 5 lessons in which 
pupils, working in pairs, investigated a series of construction problems using Cabri 
Geometre, based upon tasks developed by  Jones (2000). Each task consisted of a 
figure which the pupils had to construct in Cabri so that it remained constant under 
drag. The pupils were prompted to say what the resultant shape was and, importantly, 
how did they know? The point of the teaching sequence was to encourage pupils to 
justify or prove these assertions. The pupils were asked to choose a construction of 
their choice and produce a Power-point presentation explaining their construction. 
Printouts of the pupils’ work and audiotape recordings of their presentations to the 
class form one part of the data collected. During the lessons, the researcher carried an 
audiotape so that any teacher/pupil interactions would be recorded: these recordings 
form another part of the data collected. After the lessons, brief field-notes were made 
on the major events in the lesson. 
The  initial  stage  of  data  analysis  concerned  the  transcription  of  tape-
recordings made during lessons. Using field notes, the tapes were broken down into 
major events or “episodes” (Bliss et al 1996). In the sense described by Bliss et al Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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(1996) these episodes had “an internal coherence”; they were complete conversations 
which allowed the researcher to “interrupt momentarily, for the purpose of analysis, 
the ‘relentless flow of the lesson’”. A second stage of analysis involved going through 
the transcripts and pupils’ work making notes, identifying critical incidents that build 
towards detailed accounts of practices. The final analysis was based on a grounded 
approach  using  narrative  techniques  (Kvale  1996)  which  moved  back  and  forth 
between the theoretical viewpoint developed in the review of literature and the pupils’ 
work and transcribed episodes. Each step in this process eased the transition from 
emotionally involved participant towards objective observer. 
Analysis 
From the analysis of data, three teaching strategies emerged for facilitating pupils’ 
instrumental  genesis  in  Cabri.  Using  excerpts  from  teacher/pupil  dialogue,  these 
strategies are described below, where T represents the teacher throughout. 
Unravelling functional dependency in DGS 
In common with other students, Pupils H and C experienced difficulty with specifying 
where  they  wanted  objects  to  intersect  when  attempting  to  construct  two  circles 
sharing the same radius. They constructed the first circle successfully and correctly 
placed the centre of the second circle on its edge. The difficulty arose when they tried 
to adjust the size of the second circle so that its edge would pass through the centre of 
the first circle, thus ensuring that they would share a radius. The problem was that 
they made it look like the edge of the second circle passed through the centre of the 
first circle rather than specifying to Cabri that the circle should go “By this point” – as 
the  Cabri  pop-up  phrase  suggests  if  you  hover  over  the  required  centre  point. 
Although their Cabri drawing looked successful, when it was subjected to a drag-test, 
the circles changed size in relation to each other instead of maintaining their pattern: 
 
 T:  Yeahhh. That’s it because you see this computer program will only do exactly what 
you tell it so if you just make it look like it… sort of, yeah. I’m going to be able to 
change the shape of your circle so if you tell it, look…. 
crackle: teacher using the computer to show how the circle can still be messed up. Then creates a 
new circle “by this point” method to show the difference 
T:  Ok now try and mess it up, you try and mess it up  
now mess up one of the other circles yeah… ok so… 
There follow some unintelligible comments, then… 
H:  You think a computer’s smart but it’s not, you can’t just sit there and watch it do it 
for you, you have to know what to do and you have to tell it to do it so it’s like a 
something…. like it’s like a lightswitch. 
The difficulties that students have in coming to terms with the concept of 
functional dependency in geometry exemplifies Drijvers and Gravemeijer’s (2005) 
conception of utilisation schemes in which the technical and conceptual elements co-
evolve. Pupil H articulates this point very clearly: “you have to know what to do and 
you have to tell it to do it”. Mathematical knowledge is knowing “what to do” and 
technical knowledge is required in order to tell the computer to do it. The gap in H Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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and C’s knowledge was an appreciation of the functional dependencies inherent in 
Cabri: on the one hand, a conceptual gap of the necessity of specifying the required 
geometrical relationship and, on the other hand, a gap in the technical knowledge of 
how to specify the relationship using Cabri. The teacher explains the need to specify 
the geometrical relationship: the “computer program will only do exactly what you 
tell  it”.  The  teacher  illustrates  the  technical  knowledge  of  how  to  specify  the 
relationship by contrasting the construction ‘by eye’, which could still be messed-up, 
to the “by this point” version in which the geometrical relationships remained intact. 
Drijvers  and  Gravemeijer  (2005)  describe  instrumental  genesis  as  the 
“emergence and evolution of utilisation schemes, in which technical and conceptual 
elements co-evolve”. The role of the teacher in supporting instrumental genesis is 
partly in making the technical and conceptual elements explicit. In the case of DGS 
such as Cabri, the teacher’s role is to unravel the notion of functional dependency by 
highlighting the necessity of specifying the required geometrical relationship and the 
technical knowledge of how to specify the relationship. 
Exploiting dynamic variation to highlight geometric invariance 
All the construction problems were based on the initial construction of a line which 
was presented to be horizontal. Of course, there is no geometrical reason for the line 
to be horizontal, the figures were presented in this way for neatness and it had not 
been given a second thought, until the teacher noticed that all students appeared to be 
constructing intentionally horizontal lines. The pupils had discovered that by pressing 
the “shift” key whilst constructing a line, the line would snap to the horizontal. Pupil 
K was insistent that the line should be horizontal: 
 
T:   Why do you always insist on that being horizontal? Does it matter if it…. 
The teacher draws attention to the pupil’s misconception and, by dragging, 
attempts to convey that the horizontal constraint is artificial, that it can be broken 
without disturbing the figure under construction. As the pupils were presenting their 
work to the class, it became clear that all groups had produced figures with horizontal 
lines. The teacher again attempted to question this feature of their constructions but 
this time in a whole class context. Pupil MC was asked to reconstruct her solution to 
Problem 2 (a perpendicular bisector) without starting from a horizontal line. She did 
this successfully on an interactive whiteboard so that the whole class could see. She 
then dragged the figure, directed by the teacher, changing its orientation to show its 
invariance, including the situation with the initial line being horizontal. The teacher 
exploits dynamic variation to highlight the geometric invariance of the construction in 
order to help pupils differentiate between geometrical relationships which were or 
were not crucial. 
Making connections between DGS and pencil-and-paper 
Pupil N had constructed a rhombus but had difficulty identifying the shape due to its 
unfamiliar orientation. The teacher employs dynamic variation to convince pupil N 
that the shape is indeed a rhombus but then continues the explanation on paper: 
 
N:  Is this a rhombus? But a rhombus supposed to be like tilted so…? 
Teacher manipulating the diagram on screen 
N:  Oh so it can be, it can be any way up and it [T: Oh!] would still be a rhombus.  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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T:  Well yeah… [N to another pupil: Well it is a rhombus.] it’s like, look, this is a well 
no that’s not. This a rectangle isn’t it? Ok, it’s still a rectangle. It’s still a rectangle. 
However much I turn it, it’s still a rectangle. Yeah, ok? 
Diagram of rectangle drawn on paper and then the paper twisted and turned as a demonstration 
that orientation doesn’t alter the shape. 
 
The teacher sketched a rectangle on paper in order to illustrate the concept that 
orientation does not affect the nature of the shape. This sketch was done on paper at 
the time mainly because it was quicker than constructing the shape on Cabri. The 
teacher’s return to the paper-and-pencil environment is important because it makes a 
connection  between  the  two  environments:  although  dynamic  variation  makes  it 
easier to appreciate that orientation does not affect the shape, the concept still holds in 
a paper-and-pencil environment. The return to paper-and-pencil is thus an attempt by 
the  teacher  to  “build  connections  with  the  official  mathematics  outside  the 
microworld”, a responsibility which Guin and Trouche (1999) identify as being a 
crucial part of the teacher’s role. 
Discussion 
From the sequence of lessons, three teaching strategies have been distilled that serve 
to facilitate pupils’ instrumental genesis in a DGS context. These strategies are clearly 
not exhaustive: exploiting anomalies of measurement in Cabri such as rounding errors 
might  be  another  way  to  promote  mathematical  thinking,  for  example.  These 
strategies  are  specific  to  DGS  in  general  and  Cabri  Geometre.  They  are  also 
analogous to teaching strategies used in other contexts. Guin and Trouche (1999) 
suggest that teachers should highlight the constraints and limitations of the software 
to  students:  in  the  case  of  Derive,  the  discrete  and  finite  nature  of  the  software. 
Similarly, a dynamic geometry environment such as Cabri is only a discrete model of 
Euclidean geometry, despite its continuous appearance. All tools and resources have 
constraints and limitations. In the case of paper and pencil, a limitation is the static 
nature of the environment. Thus strategies such as those identified in this paper may 
apply to any teaching resource. In a sense, the teaching strategies mentioned here 
essentially highlight general principles of mathematics teaching applied to a specific 
context, in this case DGS. The resource provides a context for learning but cannot 
teach. The focus of research needs to shift away from the context, towards teachers 
and  the  teaching  strategies  they  may  employ  in  order  to  aid  pupils’  instrumental 
genesis. In this way research on ICT may avoid the criticism that the predominant 
focus has been on technology rather than education. 
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The use of mathematics in ks3/ks4 science classes 
Lauren Brodsky, King’s College London 
In  this  study  I  interviewed  five  science  teachers  about  the  use  of 
mathematics in their classes and four maths teachers about their use of 
mathematics  and  their  view  of  mathematics  in  science.   I  look  at  the 
distinction between the maths  and science departments and differences 
that occur in the two settings as described by the teachers.  I also look at 
the factors that contribute to the separation of the disciplines in school and 
the pressure exerted on teachers by the national curriculum and exams.  
Finally the teachers describe areas where students have difficulties using 
mathematics, and how this might relate to the separation of mathematics 
and  science.  I  then  discuss  possibilities  for  further  exploration  of  this 
separation. 
Keywords: Science education, mathematics education, cross-curricular  
 
Mathematics and science as separate disciplines 
In an interview of nine mathematics and science teachers about the use of maths in 
science  classes,  the  message  that  emerged  was  that  of  a  distinct  separation  of 
mathematics and science in school.  This was evident in the way teachers discussed 
the lack of coordination and communication between departments, and in the more 
implicit descriptions of the school disciplines as separate, independent subjects.  As a 
consequence of this separation the teachers described differences in the style and in 
the  terminology  that  was  used  in  mathematics  and  science  classes.    The  teachers 
acknowledged that these inconsistencies created potential barriers to understanding 
between maths and science for their students.  Teachers also noted that their students 
saw their science and their mathematics classes as being independent, and therefore 
had  certain  expectations  for  each  class  that  could  affect  their  performance  when 
mathematics concepts did arise in a science class.  
All of the teachers agreed that there was a lack of formal dialogue between the 
science and mathematics departments at all of their current schools. Each department 
had its own agenda and the need to meet and coordinate within the department was 
prioritised over inter-departmental communication.  Most of the teachers however did 
think that a formal dialogue could be beneficial, particularly in terms of coordinating 
specific  topics  between  departments.    Robert  as  head  of  his  school’s  maths 
department commented on an informal conversation he had had with a member of the 
science department,  
He said that they taught subject x in year 7 but we didn’t get there till year 8 or 9 
whereas, given that probably maths should facilitate them we should be doing it 
earlier and think about that so we can help them. 
In addition to the concern about coordinating topics, coordinating terminology 
and  even  teaching  styles  came  up  as  well.  Examples  of  terminology  that  varied 
between departments were ‘standard form’ versus ‘scientific notation’, ‘ratio’ versus 
‘proportion’, ‘independent’ versus ‘input’ and ‘dependent’ versus ‘output’.  Teachers Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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who were aware of different terminology in the maths and science departments at 
their schools felt that it was important to make their students aware of the different 
terms, and to explain that they were often used to mean the same thing.  They claimed 
that the difference in terms otherwise would confuse their students. 
Other differences seemed more ingrained in the disciplines rather than simply 
in the individual departments.  One aspect that came up in a few interviews was the 
use  of  different  symbols  in  mathematics  and  science.    In  explaining  gradients  in 
physics,  some  of  the  teachers  referenced  the  standard  symbols  y=mx+c  and  for 
rearranging equations a=b/c.  These references to common symbols in maths seemed 
to help some students.  Anthony (science) described the way he would check for 
understanding  in  the  rearranging  of  equations  and  the  importance  of  making  sure 
students understood the consistency of mathematical concepts when different symbols 
or terminology were used: 
So you say “look, we know R and we know T the time constant, can you calculate 
the capacitance girls?” And they’d say, “yeah, you do T/R” And again they know 
how to do it.  I’d say, “just tell me what your maths teachers told you? cause I 
would call it cross-multiplying.” And you’d get the nod from the girls, ah good. 
So we use the same, so language is important.  Checking use of language…And I 
think you should trigger in the girls, “remember in maths you may have come 
across this sort of thing, Y is MX, therefore X= Y/M type.”  And if the girls can 
make that link, then it’s not an issue. 
Other differences between mathematics and science resulted from the teaching 
materials and the exams that students were given in each discipline.  Darren (maths) 
noted the use of words versus symbols in the equations in the science textbooks, a 
style of formula in science that surprised many of the maths teachers. 
Other maths teachers mentioned lines of best fit, which in science classes were 
sometimes straight and sometimes curved but for GCSE maths were always straight 
lines.  Seth (science) in his chemistry class found this view from mathematics moving 
across into science, “they tend to draw a straight line, and always assume that line of 
best fit has to be a straight line.”  Maths teachers reported the opposite, finding that 
students would sometimes bring in curved lines from their science classes when they 
were not appropriate to the mathematics. 
A few of the teachers did discuss some mathematical concepts that they did 
not feel belonged strictly to one discipline or the other.  The struggle with how to 
classify certain topics as maths or science came down to where the responsibility 
should lie for teaching those topics.  Frieda (science) mentioned for example selecting 
the appropriate graph to use with a data set.  When she first began teaching she had 
expected her students to be proficient in this from their maths classes.  However she 
found that she had to teach this every year in her science classes, and that much of 
teaching this skill had to do with the interpretation of the data.  In that respect she felt 
that science class might be the more appropriate place to teach about interpretation. 
The need to assign topics to either mathematics or science is something that 
Bernstein  (1971)  discusses  in  terms  of  classification  and  framing  in  school.    He 
claims that classification creates boundaries between disciplines and insulates them as 
specialised subjects.  Bernstein (1971) argues that this creates a socialised ‘subject 
loyalty’ for both teachers and students as they hold on to their identity as given by 
their specialised subject.  This is seen in some of the teacher interviews in comments 
about differences in style.  Robert (maths) gave an example of sometimes needing to 
tell his students, “in maths we do it this way,” drawing a difference between maths 
and science that indicates that even where there might be an overlap in content, there 
still  is  a  distinct  way  that  scientists  and  mathematicians  do  things.    Furthermore Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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framing  maintains  these  boundaries,  creating  the  need  to  assign  certain  topics  or 
applications  to  one  discipline  or  the  other  rather  than  allowing  for  connections 
between the two subjects.  
Creating the separation 
The  classification  and  framing  that  was  described  by  the  teachers  seemed  to  be 
created or maintained, at least in part, by the exam driven nature of their teaching and 
of the set curriculum.  In discussing the differences that existed between the two 
subjects  and  the  barriers  to  integration,  both  in  styles  of  practice  and  in  student 
understanding, the role of exams and of the national curriculum came up again and 
again. 
Exams 
From the comments of the teachers in mathematics and science, it seemed that exams 
played a distinct role in determining content, timing and even teaching style.  The 
importance of their students’ performance on the national tests meant that the focus of 
their teaching had to be on tested material.  Darren (maths) stated: 
Ultimately we are looking at preparing the kids for the exams.  And so the, your 
sort of, your bias in terms of where you direct their attention is formulated largely 
by what your expecting for that in the future. 
Thus the fact that teachers saw particular topics as being their responsibility, 
and  others  as  being  the  responsibility  of  teachers  in  their  other  subjects,  was 
facilitated by the demands of the exams.  Some of the science teachers mentioned for 
example the need to review mathematics topics in their class in order for students to 
‘get  to  the  science’.    However  they  were  often  reluctant  to  spend  time  on  these 
subjects, teaching only algorithmic, functional mathematics as they felt these topics 
should really be covered in the mathematics classroom.  With the need to cover the 
examined science material in their classes, many felt that there was no time to teach 
mathematics concepts in science. 
In  this  way  the  exams  affected  teaching  style  as  well.    Teaching  in  a 
procedural  way,  as  opposed  to  teaching  for  understanding,  was  something  that 
happened when exam time drew near for all topics in both science and mathematics 
classes.  Anthony (science) described a change in his teaching approach and focus 
when exams were drawing nearer: 
I definitely teach it in the context of what the examiner is going to ask for, cause 
by the end of year eleven I’m playing the exams game. I’m almost, not teaching 
for  understanding,  I’m  teaching,  “look  as  soon  as  you  see  this  question  write 
down the wave equation. Right, now let’s hope you can rearrange it. Now just 
show me how you would rearrange this?” yes they’ve got it, ok, good. That’s how 
I’d approach it. 
Many teachers also mentioned that maths was being taken out of the science 
curriculum.  Both in the national curriculum and on the exams teachers saw a change 
from what they considered to be the more traditional science curriculum to one with a 
focus  on  science  in  society.  In  terms  of  the  mathematics  content,  much  more 
information was given to the students in the exams, and therefore they were required 
to do or know less.  Anthony (science) commented about one of the exams, “This is 
higher level, yet they’re given the blooming equation.”  Similarly teachers noted that 
in science questions involving graphs, the axes were given and labelled.  In maths on Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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the other hand teachers noted that although there were many word questions, the 
context was often not integral to the problem and the units were given to the students 
for their answers. 
Au (2007) reviewed qualitative studies on high-stakes testing in the United 
States and looked at their impact on subject matter content, the structure of curricular 
knowledge, and pedagogy.  His findings reinforce what the mathematics and science 
teachers were experiencing; in one way or another, testing affected all three aspects of 
the curriculum. He found that content was particularly affected, as topics became 
limited to what was going to be tested.  This finding was in line with the mathematics 
and science teachers who found that the focus in their classrooms had to be on topics 
that would be covered in the national tests (GCSEs and A-Levels). 
National Curriculum 
Alongside  the  exams  the  national  curriculum  also  helped  to  create  the  division 
between  mathematics  and  science.  It  was  generally  assumed  that  anything 
mathematical should be taught in the maths class, in order to be used as a tool in 
science, and when a mathematical concept arose in science first it was still seen as the 
responsibility of the mathematics department to teach for an understanding of the 
mathematics.  A few areas specifically arose where science teachers were aware that 
they were teaching a mathematics concept before it was taught in the maths classes. 
Ivan (science) found that graphing was an issue that was not coordinated lower down 
in school: 
Ironically even our year 7s are required to be able to plot graphs and interpret the 
graphs, but unfortunately when we spoke to the mathematics teachers they said 
that they wouldn’t need to learn about graphs until they’re in year 9, so these are 
some  of  the  cross-curricular  issues  that  come  up  between  mathematics  and 
science. 
Another curriculum issue brought up by Ivan (science) was to do with setting 
in maths and science.  Because students in his science classes might be in different 
sets in mathematics, some students might have covered a particular mathematics topic 
before it occurred in science while others might not.  Walter (science) also mentioned 
that students in A-Level biology often were not doing A-Level maths, and so while 
certain mathematical topics might be covered in the maths curriculum, students might 
not necessarily be in the maths class. 
All of the maths teachers were surprised by certain aspects of the questions in 
the science textbook.  Many of the science questions were at the same level or above 
that which would be expected for middle to lower sets in GCSE maths.  The difficulty 
as determined by the teachers varied, but all of them found things that they thought 
would be difficult for their students to do because they were at a higher level than 
would be covered for their middle to low ability GCSE sets. 
These disparities reinforced the algorithmic teaching style that was used to 
bolster performance on exams.  In addition to other issues associated with teaching 
algorithms  rather  than  teaching  for  understanding,  Au  (2007)  found  that  teaching 
subjects as a series of procedures hindered the drawing of connections between topics 
and subjects, further reinforcing the separation between disciplines. 
Problems with separation 
The  separation  of  disciplines  stemming  from  the  exams  and  the  curriculum  was 
consistent with difficulties students had with learning and making connections across Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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subjects.  A number of factors seemed to play a part in ultimately making it difficult 
for students to apply the mathematics they learned in their mathematics classes to 
their science classes.   
Interpreting and applying 
One aspect that made the use of mathematics in science class difficult was a lack of 
understanding of the meaning of the maths the students came across.  Teachers cited 
the compartmentalising of maths topics and rote teaching techniques that could make 
it difficult for students to apply their mathematics.  For a given problem in science, 
teachers felt that students would have difficulty first with the interpretation of the 
problem, that is, finding out what the question was really asking for.  Next, students 
had difficulty deciding the appropriate formula  or technique to use to answer the 
question, especially if the question was not embedded in the teaching of one particular 
topic.  Finally students also had difficulty even when given an equation to use with 
choosing the right quantities to substitute into the equations.   
Some teachers saw these interpretations or applications as being a science skill 
rather than a maths skill. In problems involving substitution or graphing, teachers felt 
that most students would not have problems with the more straightforward plugging 
in of numbers or plotting or reading of data from graphs.  However interpreting and 
selecting these numbers or data points was more difficult, and this often had to do 
with understanding the concepts behind the relationships in a given formula.  
However maths teachers felt that this inability to interpret or apply was an 
issue in maths as well.  With word problems or contextualised problems generally, as 
well as with problems where the specific area of maths they needed to use was not 
spelled out for them.  ‘Running’ procedures was fine but choosing the appropriate 
procedure or the right numbers to plug in to a procedure was difficult.  Grace (maths) 
commented, “but what they do find really difficult is yeah, working out what area of 
maths they need, ‘what’s the problem really asking us for?’” 
Compartmentalising 
Many teachers talked about the compartmentalising of ideas to particular topics, both 
in maths and science and between maths and science. They felt that the teaching of 
concepts as individual topics as opposed to having more continuity between topics 
created barriers for students and made it difficult for them to remember concepts from 
‘different’ topics that had been covered earlier in their class or in other classes.  Seth 
(science) explained: 
I think by and large, most of the maths that we would expect them to know, they 
have covered or they do cover in their maths lessons.  But then it’s bringing it into 
chemistry and using it in chemistry, and that transition isn’t always smooth shall 
we say. … And so, they might not, necessarily, I think there’s the tendency for 
them to see maths very much as maths.  And they don’t see it as much as being 
applied.  
Ivan (science) found this in his science classes as well.  He talked about the 
teaching of isolated maths in mathematics class.  He claimed that concepts such as 
gradient were taught without a context, and so when graphing occurs in science the 
students  do  not  look  for  applications  or  see  the  relevance  of  the  techniques  they 
learned in their mathematics classes.  He explained: 
You know just moving across from the mathematics class to the science class, 
they  just  switch  off  from  maths,  and  they  do  not  expect  to  come  and  meet Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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mathematics  again.  And  that’s  one  big  problem.  They  do  not  understand  the 
cross-curricular factor in their learning. 
Further research 
With the great importance teachers gave to the national exams, the next step of my 
research will be to look into how the science and mathematics exams compare, how 
they are or are not coordinated and why mathematics is being taken out of the science 
exams.   
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Research into pedagogical ‘belief statements’ held by pre-ITE students on a 
Mathematics Enhancement Course. 
John Clarke 
Cass School of Education, University of East London. 
In this paper I will present the results from a small-scale research project 
undertaken  with  a  group  of  pre-Initial  Teacher  Education  (ITE) 
Mathematics Enhancement Course (MEC) students at the University of 
East London between January and July 2008. The emerging results are in 
their early stages of development and are a continuation of the results 
addressed  in  a  paper  presented  to  the  British  Educational  Research 
Association (BERA) Conference in September 2008 (Clarke 2008). They 
appear to show some evidence that participation in a MEC, and hence 
exposure  to  a  variety  of  teaching  approaches,  does  change  "beliefs" 
concerning the way in which participants think mathematics should be 
taught. 
Keywords:  Mathematics;  Beliefs;  Teaching;  Enhancement;  Pre-Initial 
Teacher Education; Subject Knowledge. 
Introduction 
In recent years, the quality of mathematics teaching has been a focus of concern. A 
recent Ofsted report ‘confirmed the narrow nature of much of the teaching’ (Ofsted 
2008, 5) of mathematics in schools, while an earlier report had, as one of its main 
conclusions  that  the  ‘quality  of  teaching  was  the  key  factor  influencing  students’ 
achievement’ (Ofsted 2006, 1). How can the ‘quality’ of our mathematics teaching in 
this country change? 
As the programme leader of a pre-Initial Teacher Education (ITE) MEC, I 
have seen students exposed to a wide variety of teaching pedagogies which they had 
not previously experienced as learners. From discussion with the MEC 2007 cohort of 
students I was provided with anecdotal evidence that this exposure had impacted on 
their ‘beliefs’ concerning how they think mathematics should be taught. This paper is 
an attempt to place my anecdotal ideas in a more evidence based, critical framework 
as I feel changing the beliefs of mathematics teachers will eventually impact on the 
‘quality’ of our mathematics teaching. 
It appears obvious that if you want teachers to teach in a less didactic way then 
their  own  learning  of  mathematics  should  be  facilitated  in  a  less  didactic  way. 
However,  if  it  really  was  that  easy  there  would  be  less  didactic  teaching  of 
mathematics taking place in schools and less need for critical Ofsted reports. 
Schoenfeld  (1992)  tells  us  that  beliefs  underpin  personal  thought  and 
behaviour. Beliefs underlie reasons why we engage in certain practices and not others. 
However, beliefs can also become too comfortable and resistant to change (Green, 
1971;  Rokeach,  1960).  Swan  (2006)  pulled  much  of  this  work  together  and  has 
indicated that any attempt to develop mathematical teaching practices must attend to 
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The essential question to be answered in this paper is: Does participation in a 
pre-ITE MEC, and hence exposure to a variety of teaching approaches, change the 
‘beliefs’ of pre-ITE students concerning the way in which they think mathematics 
should be taught? My evidence leads me to tentatively say ‘yes’, but with various 
qualifying statements. 
The Study 
My research method was to  collect quantitative data from MEC  students via two 
identical questionnaires. Then analyse the differences.  
As Thompson (1992) notes, most research into beliefs is interpretative and 
uses qualitative methods. Here I tried to follow some of the work of Swan (2006) and 
have attempted to use quantitative data. It is hoped that the emerging results will 
eventually provide some insight into the relationship for a trainee mathematics teacher 
between prior experience of pedagogy as a learner, current experience of pre-ITE 
pedagogy in a transition phase from learner to teacher and future beliefs about their 
pedagogy as a teacher. 
The 2008 MEC cohort consisted of 25 students (13 male, 12 female) from 
very diverse backgrounds. The original idea for the study was to involve a census 
rather  than  a  sample  questionnaire,  however  due  to  reasons  beyond  my  control  I 
collected only 20 of the potential 25 paired data responses to the two questionnaires. 
The questionnaire consisted of 25 statements on teaching practices which the 
participants had to express a ‘belief’ in (scored 1 to 5 on a Likert scale). The ‘belief 
statements’  used  to  form  the  questions  in  the  questionnaire  were  based  upon 
statements previously used by Swann (2005) and the Standards Unit (2005) and are 
listed  elsewhere  (Clarke  2008,  3-4).  The  first  time  the  participants  filled  in  the 
questionnaire was on day-1 of the MEC and the second time was on the very last day 
of the MEC. I did not discuss the research with any of the participants between these 
occasions. In addition I collected data on the group concerning gender, age range, the 
highest  qualification  obtained  in  mathematics  and  their  ‘place  of  origin’.  For  the 
‘place  of  origin’  I  asked  for  the  country  and  continent  where  they  received  the 
majority of their secondary school teaching aged 11-16. 
Findings 
I am aware of the disadvantages of using Likert scales (Forrester 2008, 27) and the 
problems of effectively treating ordinal scaled data as a continuous ratio scale for the 
purposes of my statistical analysis. However, to paraphrase Rorty (1994, 59) I am 
attempting to obey ‘the normal conventions of (my) discipline’, while ‘not fudging 
the data too much’ but also ‘not blocking the road to enquiry.’ In other words, I know 
that  my  statistical  work  is  not  too  robust,  but  I  will  continue  to  analyse  it 
pragmatically. 
There  were  500  possible  changes  in  belief  (20  students  x  25  statements) 
involved in this study. 240 responses (48%) showed no change in beliefs. Of those 
responses  which  represented  a  change  in  belief  160  (32%)  were  positive  changes 
representing a change towards a less didactic approach to teaching and 100 (20%) 
were negative changes representing a change towards a more didactic approach to 
teaching.  At  this  basic  level  the  evidence  leads  me  to  tentatively  state  that 
participation  in  this  pre-ITE  MEC,  and  hence  exposure  to  a  variety  of  teaching 
approaches, has changed the ‘beliefs’ concerning the way students think mathematics Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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should be taught. In addition the beliefs of the participants appear to have changed 
away from didactic teaching towards less didactic teaching.  
This change is not a strong change and it is not consistent throughout the 
statements.  Some  statements  have  much  more  change  than  others  and  some 
statements even have relatively strong negative changes. For example statement 10 (I 
believe I need to teach each maths topic separately), statement 18 (I believe I should 
jump between topics as the need arises) and statement 19 (I believe I should find out 
which parts learners already understand and don’t teach those parts) exhibited strong 
positive change for half the group. These may be ‘beliefs’ which are easily changed in 
the context of the students themselves being learners. While statement 1 (I believe 
Learners should start with easy questions and work up to harder questions), statement 
5 (I believe Learners learn maths through doing maths exercises) and statement 22 
(Even though I’ll plan my lessons thoroughly, I believe I’ll be constantly surprised by 
the ideas that come up during my lessons) exhibited very little change. Many of these 
beliefs were already at the top end of my scale and therefore difficult to exhibit more 
positive change. It was interesting that statement 6 (I believe I should try to cover 
everything  in  a  topic)  exhibited  a  negative  change  in  50%  of  the  group.  This  is 
causing me to return to my interpretations of which statements display belief bias 
towards didactic or non-didactic type teaching. 
I analysed the data by age, splitting the group up into two subgroups (under 30 
and over 30). The 13 participants in the under 30 group had a mean positive total 
change of 2.9, on the 1 to 5 scale and a standard deviation of 8.64. The 7 participants 
in the over 30 group had a mean positive total change of 4.4 and a standard deviation 
of 5.59. It was not possible to identify a strong correlation of age to belief change. 
However,  in  this  particular  group  the  older  participants  did  exhibit  more  positive 
change with less variation within that change. 
Males in the group had a mean positive total change of 5.6, on the 1 to 5 scale 
which was much higher than the females in the group who had a mean positive total 
change of only 1.3. In addition the males in the group had a much higher standard 
deviation concerning this change than the females 9.07 as opposed to 5.38. The males 
demonstrated a higher level of positive change in beliefs away from didactic teaching 
but at the same time also had more variation within that change. Four statements show 
wide variation in belief change between males and females in the group. Statement 2 
(I believe I should tell learners which questions to tackle) had a mean +0.8 change for 
males but -0.3 for females while statement 24 (I believe Learners themselves should 
choose which questions they are to tackle) had a mean +0.9 change for males but -0.1 
for females. Here males showed a much stronger move away from didactic beliefs for 
statements 2 and 24 than females. Statement 12 (I believe I should draw links between 
topics and move back and forth between several topics) had a mean -0.4 change for 
males but +0.7 for females while statement 23 (I believe I should encourage learners 
to work more slowly) had a mean 0.0 change for males but +1.0 for females. Here 
females have shown a much stronger move away from didactic beliefs for statements 
12  and  23  than  males.  There  does  appear  to  be  some  gender  difference  in  belief 
change but this requires more investigation before passing general comments. 
There were 7 participants of African origin in the group, 2 participants of 
Asian  origin  in  the  group  and  11  participants  of  European  origin  in  the  group. 
Ignoring the 2 participants of Asian origin as I considered their sub-group too small, I 
compared  the  African  sub-group  with  the European  sub-group. Their means  were 
very similar +3.1 and +3.5 and it was not possible to identify a strong correlation of 
‘place of origin’ to belief change. Hidden within this ‘place of origin’ analysis I found Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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two statements which showed a wide variation in belief change between Africans and 
Europeans in the group. Statement 2 (I believe I should tell learners which questions 
to  tackle)  had  a  mean  -0.6  change  for  Africans  but  +0.5  for  Europeans.  Here 
Europeans  have  shown  a  much  stronger  move  away  from  didactic  beliefs  for 
statements  statement  2  than  Africans.  Statement  23  (I  believe I  should  encourage 
learners to work more slowly) had a mean +1.3 change for Africans but +0.1 for 
Europeans. Here Africans have shown a much  stronger move away from didactic 
beliefs for statement 23 than Europeans. Females made up 29% of the African group 
but  55%  of  the  European  group;  so  this  variation  in  belief  changes  for  these 
statements may be due to a gender effect rather than a ‘place of origin’ effect. 
The participants can be split into two groups by their highest qualification in 
mathematics.  Seven  participants  had  a  level  2  qualification  (GCSE,  ‘O’  level  or 
equivalent)  as  their  highest  qualification  in  mathematics  before  embarking  on  the 
MEC; they displayed a mean total change in beliefs of +5.3. Thirteen participants had 
a level 3 qualification (AS, ‘A’ level or equivalent) as their highest qualification in 
mathematics before embarking on the MEC; they displayed a mean total change in 
beliefs of +2.5. There does appear to be some variation in belief change between these 
two  groups  but  this  requires  more  investigation  before  passing  comments. 
Interestingly only one statement (I believe I should try to cover everything in a topic) 
exhibited large differences between the two groups. The level 2 students had a mean 
change of +0.3 whilst the level 3 students had a mean change of -0.9. Here level 2 
participants  have  shown  a  much  stronger  move  away  from  didactic  beliefs  for 
statement Q6 than level 3 participants. 
Conclusions 
Enhancement Courses are very important in today’s ITE landscape. These courses 
and the ITE pre-learning which take place on them, as part of becoming a teacher, are 
an under-researched area. The whole area of subject knowledge has recently attracted 
political interest and it is important that as a profession we take the lead in figuring 
out which professional knowledge, and just as importantly which pedagogy, matters 
most for the effective teaching of mathematics. It is hoped that if this paper does 
nothing else it will stimulate dialogue in this area.  
We  know  there  is  evidence  that  many  teachers  begin  their  careers  with 
previously constructed, often naive, theories about teaching (Powell 1992). In fact 
Harel  (1994,  115)  notes,  reflecting  comments  made  by  Thompson  (1992),  that: 
"teachers' beliefs of what mathematics is and, in particular, how it should be taught 
are tacitly formed by the way they are taught mathematics in their precollege and 
college mathematics education". I am still in the process of confirming these ideas 
with my research and measuring if these beliefs and hence future teaching pedagogies 
change during pre-ITE or ITE, but I have seen measurable change. 
This research is limited by the size of the participation group. Twenty is a very 
small number to generalise from and therefore any conclusions I arrive at can only 
really be applied within the context of this small group of individuals. 
The  belief  changes  observed  in  my  study  need  not  be  a  function  of  the 
teaching on the MEC course and I am fully aware that the students may have been 
giving me answers they felt I wanted. Even if the belief changes observed in my study 
turn out to be a function of the teaching on the MEC course, I am fully aware that the 
students may not turn these beliefs into action in schools. Having discussed these Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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issues with ex-MEC students from the 2007 cohort who have recently completed their 
PGCE in 2008 I feel there is anecdotal evidence that this is happening.  
Despite  the  qualifying  statements  above,  this  paper  demonstrates  that  I  do 
appear to have some evidence to indicate that participation in a pre-ITE MEC, and 
hence exposure to a variety of teaching approaches, does change the ‘beliefs’ of pre-
ITE students concerning the way in which they think mathematics should be taught.  
As  practitioners  in  ITE  and  pre-ITE  it  is  difficult  to  influence  the  way  in 
which mathematics is taught to our students prior to their arrival on our Teacher 
Education courses. However, we do have an influence over the way that mathematics 
and particularly mathematics subject knowledge is taught on our ITE and pre-ITE 
courses. Maybe this is where the ‘quality’ of the mathematics teaching in this country 
could start to change. 
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Assessing numeracy for nursing   
Diana Coben & Jeremy Hodgen 
King’s College London 
In this paper we present work in progress on the assessment of numeracy 
for  nursing  in  two  interdisciplinary  projects.  The  background  to  these 
studies  is  that  despite  widespread  recognition  that  numeracy  is  a  key 
competence for safe and effective professional practice in nursing, and 
research studies in various countries which reveal a lack of proficiency 
within both the student population and amongst registered nurses, there is 
no  international  consensus  on  the  nature  and  scope  of  numeracy  for 
nursing. The studies are: ‘Medication dosage calculation: a benchmark 
assessment for nursing’ and ‘Numeracy for nursing’. The first study aims 
to  create  a  national  benchmark  for  numeracy  for  nursing  in  Scotland 
against which numeracy for nursing may be assessed, initially at point of 
registration but potentially thereafter at other stages of nurse preparation 
and  in  practice.  The  second  study  is  an  exploratory  investigation  of 
aspects of teaching, learning and assessment of numeracy for nursing in 
the  undergraduate/Diploma  Nursing  programme  in  a  large  School  of 
Nursing in England. 
Keywords: HE; curriculum; assessment 
 
Assessment  measures  performance  in  relation  to  a  particular  question  or 
situation but the value of competence assessment lies in its ability to predict likely 
future performance in a particular activity. In nursing, as in some other safety-critical 
areas, competence in numeracy can be a matter of life or death so the onus is on 
assessment procedures to ensure safe practice as far as possible. The assessment of 
numeracy for nursing should enable candidates to demonstrate that their numeracy is 
fit for practice, fit for purpose and fit for award. Students at point of registration and 
qualified staff should be able to demonstrate independence, good critical judgment, 
proficiency  in  practice  and  accountability  to  relevant  stakeholders  with  respect  to 
numeracy. However, while numeracy is acknowledged to be a key competence for 
professional practice in nursing, it is poorly conceptualized and understood, and, as a 
result,  likely  to  be  inadequately  assessed.  Successive  studies  reveal  a  lack  of 
proficiency amongst students and registered nurses in the UK and elsewhere, together 
with efforts to remediate the situation (Sabin 2001). 
Recent  research  encompasses  various  aspects  of  numeracy  for  nursing 
including: conceptual and theoretical analysis (Weeks, Lyne, and Torrance 2000); 
study of pediatric nursing practices (Noss, Hoyles, and Pozzi 2002); development of 
online teaching, learning and assessment systems and materials (Behrend et al. 2006); 
and evaluations of interventions (Hall et al. 2005). Meanwhile, from September 2008, 
numeracy is included in the “Essential Skills Clusters” specified by the Nursing and 
Midwifery  Council  (NMC)  to  be  included  in  pre-registration  nurse  education 
throughout the UK. From September 2008, nursing students completing their training 
must achieve 100% in a test of “numeracy in practice” before they may register as 
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have been specified in the UK (or elsewhere, as far as we are aware). The absence of 
such a standard raises the question ‘100% of what?’ Against this background, the 
projects  outlined  in  this  paper  are:  ‘Medication Dosage  Calculation:  a  benchmark 
assessment for nursing’
2, funded by NHS Education for Scotland (NES) (2006-09) 
and  ‘Numeracy  for  Nursing
3’,  funded  by  King’s  College  London  (2008).  In  the 
remainder  of  this  paper  we  shall  discuss  work  in  progress  on  the  assessment  of 
numeracy in each project in turn. 
Medication dosage calculation: a benchmark assessment for nursing 
NES is seeking to establish a national benchmark for numeracy for nursing at 
point  of  registration  in  Scotland  in  this  interdisciplinary  (education  /  nursing  / 
psychometrics)  project.  The  study  addresses  issues  of  parity,  scope  and  level  in 
assessing numeracy skills for successful calculation of medication dosages by nurses 
when they qualify. It seeks to create an associated assessment instrument to be used 
initially with students at point of registration and subsequently by qualified staff to 
check  their  proficiency  at  intervals.  In  the  process,  we  are  refining  our 
conceptualization  of  numeracy  for  nursing (a  paper  is  in  preparation  by  the  NES 
‘benchmark’ team). 
In  the  first  phase  of  the  project  the  team  developed  an  evidence-based 
assessment tool utilising interactive computer simulations that approximate to real 
world  practice,  using  Gulikers  et  al’s  (2004)  five  dimensional  framework  for 
authentic assessment (see Figure 1) and Coben’s definition of numeracy: 
To be numerate means to be competent, confident, and comfortable with one’s 
judgements on whether to use mathematics in a particular situation and if so, what 
mathematics to use, how to do it, what degree of accuracy is appropriate, and 
what the answer means in relation to the context. (Coben 2000, original emphasis) 
Figure 1: Gulikers et al’s (2004) five dimensional framework for authentic assessment 
On  this  basis  we  developed  evidence-based  criteria  for  the  assessment  of 
numeracy for nursing as follows: we believe the assessment of numeracy for nursing 
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principles; diagnostic; transparent: well-structured; and easy to administer (Coben et 
al.  2008).  Using  these  criteria,  we  developed  an  evidence-based  benchmark 
assessment tool utilising interactive computer simulations that approximate to real 
world practice, for assessing the calculation of medication dosages by nurses at the 
point of registration, i.e., the point at which nursing students become qualified nurses 
(Coben et al. 2008). We decided to focus on medication dosage calculation because, 
while this is by no means the only area of nursing in which numeracy is required, it is 
‘at  the  sharp  end’  in  that  healthcare  professionals’  medication  dosage  calculation 
errors can have devastating effects on patients (e.g., ISMP 2008). 
The assessment tool is comprehensive, covering typical unit dose, sub- and 
multiple-unit dose problems, complex problems, conversion of International System 
(SI)  units  and  intravenous  (IV)  infusions.  Items  are  derived  from  the  Authentic 
World
® database, adapted by members of the NES team (Keith Weeks and Norman 
Woolley) for use in the study. We have prior reliability and validity evidence for these 
items;  content  validity  (domain-related  evidence)  has  been  established,  with  an 
appropriate (representative) domain of types and complexities of problems (Weeks 
2001). From analysis of data collected in the preparatory stage of this study, internal 
consistency reliability of the selected Authentic World
® items was found to be high 
(R=.92). 
We  are  using  a  multi-method  research  design  based  on  criterion-related 
evidence of validity. The focus for this phase of the study is: does the achievement of 
nursing students on our computer-based assessment replicate their performance on the 
criterion (practical) assessment? If so, the computer-based assessment instrument can 
be used to collect data on large samples in order to validate a benchmark assessment 
for  nursing.  Each  participant  is  tested  on  the  same  questions  in  two  different 
simulated reality settings: on computer (using our computer-based assessment tool) 
and  in  a  simulated  clinical  setting,  with  the  order  of  questions  in  the  two  tests 
counterbalanced. 
We piloted our research design and evaluated our instruments with final year 
Adult Branch nursing students at a Higher Education Institution (HEI) in England in 
Spring 2008. We found a reasonable to very high level of congruence between the 
two assessment methods (44%-100% congruence; mean congruence for n=252 test 
item  opportunities  for  error  =  80%  congruence)  and  concluded  that  computerised 
assessment using this particular platform is likely to mirror medication calculations 
done in a practical setting (Hutton et al. submitted 2008, decision pending). 
Since  September  2008  we  have  been  using  the  research  design  piloted  in 
England  with  final  year  nursing  students  at  HEIs  in  Scotland.  We  are  collecting 
baseline data on up to 500 nursing  students  and then, from this total, selecting a 
purposive sample of 100 Adult Branch nursing students and assessing them in two 
groups towards the start of their third (final) year of study. 
Assessing ‘Calculations for Nursing’ in a School of Nursing in England 
In the second project we are evaluating the teaching, learning and assessment 
of  numeracy  for  nursing  in  a  pre-registration  nursing  programme  in  one  HEI  in 
England.  Here,  we  outline  aspects  of  our  preliminary  analysis  of  the  online 
summative assessment of a ‘Calculations for Nursing’ module.  
Students are required to pass the ‘Calculations for Nursing’ module at 100%. 
Each candidate takes 10 items randomly selected from a bank of 41 items. The stakes 
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programme. The 100% pass mark means that students must demonstrate their mastery 
of calculations for nursing – or at least of the calculations set. 
Preliminary  analysis  of  candidates’  performance  shows  that,  of  378 
candidates,  199  were  unsuccessful  on  their  first  attempt.  Item  facilities  (i.e.,  the 
percentage of correct answers) are generally high (between 0.59 and 1; mean: 0.89; 
median: 0.93), but the tests manifestly vary in difficulty depending on the selection of 
the 10 items drawn from the item bank in any particular iteration of the test. We have 
undertaken a preliminary Rasch analysis of the performance of test items set against 
candidates’  performance  in  the  test  and  analysed  the  test  items  in  terms  of  their 
mathematical difficulty and scope. Briefly, the Rasch model is a probabilistic model 
based on item response theory (IRT) model (Hambleton 1993). It can be used to 
estimate  candidate  “abilities”  and  items  difficulties
4.  It  assumes  that  the  latent 
variables, ability and difficulty, can be measured on the same unidimensional interval 
scale. In our study we fitted a  Rasch model using Winsteps. (See Figure 2 for a 
graphical representation of candidate abilities and item difficulties.)  
Figure 2: Comparison of Rasch ability estimates for “pass” and “fail” groups. 2(a): Boxplots on left 
show distribution of groups [Pass = P; Fail = F]. 2(b): Graph on right indicates ability estimates with 
95% confidence intervals for candidates at highest, lowest, median and quartiles in each group [Pass: 
black, solid; Fail: red, dashed]. Rug on LHS of each graph indicates item difficulties. 
However, the Rasch model only provides a self-referenced estimate in terms 
of the candidates and the items. Hence, we conducted a further analysis to identify the 
concepts  underlying  items  using  the  levels  established  in  the  GAIM  (Graded 
Assessment in Mathematics) programme (Brown 1992). The match to GAIM levels 
was fairly straightforward. However, we found the fit between the levels of difficulty 
of the test items and GAIM levels to be problematic. For example, facilities of items 
at  GAIM  level  8  varied  from  0.59  to  0.90.  In  large  part,  this  reflected  the  poor 
construction  of  many  of  the  items.  In  addition,  the  mathematical  content  of  the 
‘Calculations  for  Nursing’  tests  was  restricted.  In  the  examples  we  investigated 
several areas were excluded that the literature suggests may be important in numeracy 
for nursing, such as: estimation and approximation; accuracy; calculator use; time; 
probability and risk; and tolerance.  
The combination of different levels of test difficulty, the requirement of  100% 
success, the small number of items for each candidate and the poor construction of 
items resulted in serious problems for the assessments. First, as can be seen from 
Figure 2(a), there was a large overlap in the ability estimates for the two groups and 
the ability estimate for the highest “failing” candidate was at approximately the 3
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quartile of the pass group. Second, the confidence intervals (CIs) for all candidates, 
and particularly the pass group, were very large. As a result, relatively minor changes 
to the pass ability level would have major effects on the number of passing candidate. 
For example, if the pass level were set at the level of the most difficult item, 45 (or 
12%) more students would pass; if it were set at the level of the lower bound of the CI 
for the candidate of highest ‘ability’, 154 (or 42%) more students would pass.  
Our preliminary analysis thus points to problems in the reliability, validity and 
scope of the assessment of numeracy for nursing in the ‘Calculations for Nursing’ 
module. This is unsurprising, since the items and the format of the test have been 
developed by non-specialists, and the construction of such tests is difficult. We also 
note that on this programme the academic staff recognised these potential issues in 
inviting our evaluation. In fact, in our view this is likely to be one of the strongest 
courses  mathematically  in  the  UK.  The  concern  is  our  evaluation  may  highlight 
significant,  unrecognised  and  more  widespread  problems  in  the  assessment  of 
numeracy for nursing that may result in some nursing students with relatively “good” 
numeracy  failing  and  a  failure  to  assess  potentially  unsafe  levels  of  numeracy 
practice. One factor underlying this problem is the equating of mastery with 100% 
error-free  performance  on  a  test,  especially  given  the  NMC’s  requirement  that 
students’ numeracy should be assessed “in practice”. However, as we have already 
noted, our analysis is at an early stage. 
Concluding remarks on the assessment of numeracy for nursing 
The two studies outlined above may be seen as complementary in that the 
NES project seeks to create a benchmark, which, once established, could be used to 
evaluate the assessment of numeracy for nursing in HEI nurse education programmes 
such as that in the second study. Within and beyond these studies we plan to continue 
to  explore  the  conceptualisation  and  assessment  of  competence  in  numeracy  for 
nursing.  
Notes 
1. Diana Coben is working on both projects; Jeremy Hodgen is working on the second 
project  only. The  research  reported  here  is  the work  of  the  whole  teams  of  each 
project.  Medication  Dosage  Calculation,  funded  by  NHS  Education  for  Scotland 
(NES):  Mike  Sabin,  NES;  Keith  Weeks,  Norman  Woolley,  University  of 
Glamorgan/Authentic World
®; Carol Hall, University of Nottingham; Diana Coben, 
Meriel  Hutton,  King’s  College  London;  and  Dr  David  Rowe,  University  of 
Strathclyde.  ‘Numeracy  for  Nursing’  comprises:  Diana  Coben,  Jeremy  Hodgen, 
Nicola Bretscher and Sherri Ogston-Tuck, all of King’s College London. 
4. We note that the term “ability” is used universally within Rasch analysis. Here, we 
use the term neutrally and do not intend to imply ability to be innate or fixed. 
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An Analysis of Three Classroom Episodes  
Alf Coles 
Kingsfield School and University of Bristol Graduate School of Education  
This  paper  examines  data  from  an  ongoing  study  of  classrooms  and 
teacher-meetings in one secondary mathematics department in the UK. 
The study draws on enactivist methodology and linguistic ethnography in 
its conception and practice. This report is focused around the notion of 
dialogue (Bakhtin 1981) and the development of patterns of dialogue. I 
analyse examples of an almost identical form of words used by three 
different teachers in their lessons, and the different things that happen 
next, concluding that notions of listening and hearing are needed. 
Keywords: Classroom dialogue, Bakhtin, Enactivism 
Introduction and theoretical frame 
I am a teacher in a secondary mathematics department in the UK. In this paper I 
analyse  the  role  of  dialogue  (i.e.,  conversation  and  inquiry)  in  the  teaching  and 
learning of mathematics. In using the word ‘dialogue’ I am explicitly aligning myself 
to the view that meaning ‘always implies at least two voices’ (Wegerif 2008, 348). 
We  create  meaning  in  communication  with  others;  my  analysis  of  dialogue  takes 
account of historical patterns, how the past constrains what may happen now and the 
ways that speakers break such patterns. This approach is consistent with the enactivist 
methodology which informs my work, and the broad field of linguistic ethnography 
from which I take analytic techniques.  
Bakhtin and the words of others 
The word in language is half someone else’s. It becomes one’s own only when the 
speaker  populates  it  with  his  own  intentions  …    Prior  to  this  moment  of 
appropriation, the word does not exist in a neutral and impersonal language … but 
rather  it  exists  in  other  people’s  mouths,  in  other  people’s  concrete  contexts, 
serving other people’s intentions: it is from there that one must take the word and 
make it one’s own. (Bakhtin 1981, 293-4) 
I take it from this quotation that we not always make words our ‘own’, and 
that it is possible the words we speak continue to serve others’ intentions. I do not 
assume we are conscious of, or consistent about, our intentions but believe something 
can be inferred, in that moment, about our beliefs from what we say and do.  
I am taking video data of three teacher’s classrooms (of whom I am one). 
Having  read  the  quotation  above  in  Zack  and  Graves  (2001,  231)  and  working 
through some video data, I was suddenly struck by hearing almost the identical words 
(see below) in the mouths of all three teachers (TA, TB, TC) in consecutive videos 
that I happened to watch. The three extracts are all from lessons in 2008, to 11-12 or 
12-13 year olds.  
TA: Can anyone else explain what she’s done there?  
TB: can anybody say what Josh has just said Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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TC: can anybody re-create her reasoning there?  
As Head of Department, I saw myself as responsible for developing a culture 
of collaboration amongst mathematics staff, with a focus on sharing effective teaching 
strategies within rich mathematical activities. I read these almost identical words as 
evidence of an emerging shared culture, and was immediately drawn to studying the 
similarities and differences in what happened next. 
I analyse the dialogue by looking for patterns both within and across what is 
said. I am not concerned with reconstructing meaning but with what disturbance to 
the  pattern  of  classroom  dialogue  is  noticeable  following  the  use  of  a  teaching 
strategy. I have worked on these analyses with the three teachers in the study. My 
analysis is also informed by Bruner’s (1990, 17) question, linked to his notion of a 
culturally sensitive psychology: ‘how does what one does … tell us about what we 
think and believe’; i.e. about our intentions. In keeping with micro-analysis principles 
of linguistic ethnography, this is a question I keep in mind as I study, turn by turn, the 
detail of transcripts and watch and re-watch the actual video. I offer a snapshot of 
context in introducing each section, to help orient the reading. 
Teacher A 
The full transcript of classroom dialogue starting from the quote above is reproduced 
here. In reading this transcript, a significant piece of history to be aware of is that 
Teacher  A  makes  many  comments  to  the  class  about  the  notion  of  ‘thinking 
mathematically’. Just before line 1 a student had offered a proof of a conjecture the 
class had been working on for several lessons.  
Notation: (.)=brief pause; (1)=1 second pause; ( )=undecipherable; (text)=my guess; / /=overlapping  
1  TA:  Oh amazing (.) Can anyone else explain what she’s done there?  
2    (4) Can anyone else explain what she’s done there? (.) Janie 
3  S1:  (      ) 
4  T:  (Will you) explain this first? 
5  S1:  Yeah (  ) 
6  T:  Okay, try and do that and then somebody else. 
7    I want you all to listen to this 
8  S1:  What she’s done (is that she’s timesed  ) 
9  T:  Go on, go on, in your own words 
10  S1:   abc is any number abc, if you times that by a thousand  
11    its going to be abc with three zeros on it / 
12  T:   / lovely, yeah/  
13    / and you added another abc 
14  T:  If you added another abc and you get abc abc, Mishal 
15  S2:  It’s pretty simple 
16  T:  It is pretty simple 
17  S2:  It’s basically 123 times one thousand and one (equals) 123 123 
18  T:  Does it matter what the 123 is, if it was 567 or 589 
19  S2:  Yeah, like you said, it could be any three digit number,  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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20    you times it by a thousand (.) 
21  T:  And then times it by one 
22  S2:  Yeah and then times it by one 
23  T:   So, this is quite key isn’t it, the fact that it’s a thousand and one 
24    (.) we talked in other lessons whether multiplication 
25    was commutative or not and whether it mattered  
26    what order we did it in (.) so would that be the same as doing it  
27    another order (2) I think we convinced ourselves  
28    that multiplying was commutative, Conner 
29  S3:  (  ) four digits ( ) 
30  T:   Right we’re going to have to be really quick about this because 
31    we haven’t got much time to do it in your books  
[some procedural teacher talk skipped here]  
32    What I like about Janie’s proof is its simplicity (2)  
33    and proofs don’t have to be complex (.)  
34    so for me I feel convinced by this (.)  
35    Jodie has convinced me that when she takes any three digit  
36    numbers and timeses it by 7, 11, 13 she will get abc abc 
37  S3:   I’ve got a theorem as well 
The contribution before line 1 is the only student utterance in this lesson to 
which Teacher A asks for another student’s interpretation. Given this, and Teacher 
A’s comment (line 1) ‘Oh amazing’, I take it Teacher A valued that utterance highly – 
and indeed this is consistent with her explicit aim to develop mathematical thinking 
with the class. In the video recordings with this class Teacher A will usually make at 
least one metacomment (see Coles and Brown 1999) about ‘thinking mathematically’ 
or  ‘becoming  a  mathematician’.  Moving  conjectures  to  theorems  is  a  particularly 
strong theme. The teaching strategy in line 1 is followed by three contributions from 
Teacher A (lines 4, 6, 9) all supporting students articulate their ideas. The pattern of 
dialogue remains Teacher-Student-Teacher throughout but does not follow the classic 
“Initiation-Response-Feedback”  (I-R-F).  The  teacher’s  actions  slow  down  the 
discussion at this key point, dwelling in the student’s proof, and allowing Teacher A 
to flag up this piece of mathematical behaviour to the whole class. It is significant, in 
terms of the mathematical behaviour Teacher A is trying to foster, that at the end of 
the sequence dealing with proof, another student says they have a different theorem 
and want to share their proof. I take it therefore that the words in line 1 serve Teacher 
A’s purposes and intentions of developing this key aspect, for her, of doing maths. 
Teacher B 
Again, the transcript from Teacher B’s lesson is reproduced below. Just before line 1, 
S1 had offered an idea. After a pause of a few seconds, another student (Tim) made a 
guttural noise (Huh?), which I took to indicate confusion. Teacher B had been explicit 
to the class in this lesson about the need for them to listen to and comment on each 
others’ ideas rather than contribute only their own new points.  
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2    can anybody say what Aaron has just said 
3     (5) Aaron can you go through it again 
4  S1:  (If there are) all the starting numbers up there  
5    have got a nine in on the 
6  T:  These are finishing numbers, these are starting numbers 
7  S1:  Yeah, er finishing  
8  T:  All the finishing numbers 
9  S2:  Not 1818 
10  S1:  Er, don’t know about that one, when you put (.) 
11     if you switch them round the nines’ll be together  
12     so it’ll be like nine and nine will make eighteen  
13    so you’ve got eight and  
14     then you add the one onto ( ) so the nines go together 
15  T:  Okay, so why is that important, how does that help us? 
16  S1:  In case you have numbers with just 1 and 9 and 8 in 
17  T:  You think it’s something to do with ( ) Okay, um (4) Callum 
18  S3:  I just tried 4163 and it came up with 8998 
In  line  1  Teacher  B  responds  to  Tim’s  expression  of  confusion  from  just 
before  the  transcript  begins.  In  line  2  she  uses  the  teaching  strategy  of  getting 
someone  else  to  explain  an  idea.  Most  other  student  utterances  in  this  lesson  are 
responded to by Teacher B saying something along the lines of: ‘Has anyone got a 
comment about what S has said?’, consistent with her explicit aim in this lesson to get 
students responding to each other in discussion. The use of the word ‘comment’ to 
refer to something said in relation to a previous statement in contrast to a ‘new point’ 
is common language in many classrooms in the mathematics department. What is 
different  just  before  line  1  is  that,  unlike  at  other  times  in  the  lesson,  a  student 
utterance is greeted with an expression of incomprehension. Teacher B refers to Tim 
when asking for someone else to explain. Even with the luxury of being able to hear 
the original idea of S1 over and over again I have found it hard to decipher, it is then 
perhaps not a surprise that no other student offers an explanation in their own words, 
despite a long pause (5 seconds – line 2) which gives ample opportunity. When S1 
then explains again, after an interchange, very like TA, in which S1 is supported in 
articulating his idea, another student then does respond with a comment (line 9) ‘Not 
1818’. Despite my still not quite being able to make coherent sense of S1, I take S2 to 
be offering a counter-example to S1’s idea, which S1 recognises (line 10): ‘Er, don’t 
know about that one’. This is the first time in the lesson when the T-S-T pattern is 
disrupted so I take it that the strategy of asking for another’s interpretation, despite 
not getting an immediate response, is effective in terms of TB’s explicit aim for the 
lesson of getting students commenting to each other. At the time, TB does not seem to 
recognise this and in line 15 asks ‘how does that help us?’ directed at S1, in a tone of 
voice  indicating  she  does  not  think  it  does  help.  I  might  have  expected  here  an 
invitation to S1 to respond to S2’s comment, for example. In line 18 I interpret S3 as 
making a ‘new point’ unrelated to S1’s idea. It seems therefore that the words in line 
2 did serve Teacher B’s intentions but perhaps without her realising, and therefore 
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Teacher C 
A key component of working on the classroom task in TC’s lesson, is for students to 
learn how to find the areas of complex shapes; in particular the move from finding 
areas by counting squares to the use of the idea that a triangle is half a rectangle. 
Supporting this shift is one of TC’s intentions in this activity. Just previous to line 1 a 
student had used the idea of halving a triangle in explaining, how to find an area. 
 1  T:  Can anyone explain, how has Lucy worked out (.) 
 2    (        )  
 3    Lucy is telling us that  
 4    this triangle here comes to four point five 
 5    can anybody explain how she (.)  
 6     can anybody re-create her reasoning there? 
 7    Amy’s asked a question, each of these aren’t halves 
 8    how did she know that that triangle comes to four point five?  
 9    (1) She knows [laughing] anybody else know? (1) Simon 
10  S1:  [quietly] one, two, three, four, five, six, seven,  
11    [louder] o::oh you just do (.) it’s actually three point  
12    (.) wait is that eight squares or  
13  T:  From there to there is nine squares 
14  S1:  Yeah, from where the shading is/ 
15  T:  /yeah/ 
16  S1:  /from where the shading  
17    stops is it nine or eight squares? 
18  T:  The shading should go all the way up to there 
19  S1:  Oh, so yeah, it is, yeah, I know why it is 
20  T:  Go on Simon 
21  S1:  Cos you got to (.) like that there  
22    goes all the way through the like nine squares 
23    all the way diagonally so its half 
24  T:  So if I just drew it on its side maybe (.)  
25    we’ve got a square one two three four five  
26    six seven eight nine (.) 
27    we’ve got a triangle going like that  
28  S1:  Yeah 
29  T:  And you’re saying Simon,  
30    that that’s half of the whole rectangle 
31  S1:  Yeah 
32  T:  So the whole rectangle’s nine 
33  S1:  And then half of it’s four point five 
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35  S1:  Yeah   
36  T:  Okay, lovely, that could help some people 
The teaching strategy “Can anyone explain what S1 said” is used at the point 
S1 demonstrates a technique TC is conscious of wanting others to use. A student had, 
earlier in this lesson, shown she was finding areas by trying to split into squares, and 
in the turn before this one, a question was left unanswered about how we find areas 
when squares have not only been split in half – said by one of the highest attaining 
students in the class. The teacher seems to have made an assessment that the class 
needed  support  in  finding  areas  in  a  more  sophisticated  way.  Teacher  C’s 
contributions in lines 13, 15, 18, 20, as with TA and TB, are all supportive of S1 
articulating his idea. As with TA the pattern of dialogue is T-S-T throughout, but also 
without falling into “I-R-F”, for example in line 33, S1 completes TC’s sentence, and 
in line 34 TC repeats S1’s utterance – this section of dialogue feels collaborative; 
initiator and responder alternate. The effect, again as in case 1, is of slowing down the 
discussion at this point that TC judges to be key, and appears to fit TC’s intention. 
Conclusion 
Bakhtin (1981, 293) talks of how words ‘exists in other people’s mouths … serving 
other people’s intentions’ until we make them our own. Teachers in this department 
watch  videos  of  each  other  teaching  and  jointly  plan  sequences  of  lessons.  We 
literally take words from each other’s mouths. One difference pointed to by teachers 
in the department when considering the three transcripts is that TA and TC use the 
strategy in question at a point when they have made sense of a student comment, 
which they want more people to engage with, and TB uses the strategy at a point 
when  she  has  not  made  sense  of  a  student  comment.  My  reading  of  the  three 
dialogues, however, indicates that the same strategy was effective in supporting the 
different intentions of the teachers. A key difference, for me, in the second dialogue 
was  TB  seems  not  to  hear  the  most  significant  student  utterance  in  terms  of  her 
intentions. I have in the past used notions of listening and hearing to analyse dialogue. 
I held off bringing a prior categorisation to this data, in using some micro-analysis 
techniques;  yet  these  transcripts  suggest  an  important  link  between  a  teacher’s 
intentions in using a teaching strategy and how they hear the utterances that follow. 
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The impact of Masters level study on teachers’ professional development 
Julie-Ann Edwards 
 
School of Education, University of Southampton 
 
with Jonathan Eacott, The Clere School, Hampshire 
This  on-going  NCETM-funded
[1]  longitudinal  study  is  exploring  the 
impact  of  studying  for  an  MSc  in  Mathematics  Education  on  the 
professional  life  of  a  group  of  teachers.  Whilst  the  findings  from  this 
research are already anecdotally known, there has been little systematic 
research  in  the  UK  on  which  to  ground  these  ‘teacher  stories’  of  the 
impact of study at Masters level. We report on the impact on teachers’ 
individual professional development, the impact on their classrooms, their 
respective pedagogies and on consequent pupil learning, and the impact 
on the wider life of the school and the local authorities within which they 
teach. 
Keywords: professional development of teachers, mathematics, impact, 
Masters. 
Background 
There is an abundance of anecdotal evidence that undertaking postgraduate research 
and  study  at  Masters  level  significantly  changes  how  teachers  view  aspects  of 
teaching and learning in their classrooms. In respect of mathematics teachers, the 
recent (December, 2008) conference of the UK National Centre for Excellence in the 
Teaching of Mathematics, which had  as its theme ‘Adding Value in Mathematics 
CPD Partnerships between Schools, Colleges and HEIs’, contributed significantly to 
this anecdotal evidence.  However, there is little systematic research in the UK about 
the impact that this  sustained professional development has on wider professional 
development. In a systematic review of CPD in relation to teacher impact (Cordingley 
2003), only two UK research papers on sustained collaboration between teachers were 
identified and neither of these related to mathematics teaching and learning. 
Research on the in-service professional development of teachers, either in situ 
within  their  practitioner  contexts  or  through  particularly  designed  programmes,  is 
widely reported internationally (see, for example, Ellerton 1999, Jaworski, Wood & 
Dawson 1999, Lin & Cooney 2001, Ponte, Ax, Beijaard & Wubbels 2004). In all 
these  contexts,  teachers  are  associated  with  Higher  Education  Institutions  (HEIs), 
though not undertaking accredited postgraduate study. In the breadth of research from 
the US on in-service teacher development (for example, Lampert & Ball 1999, Ball 
2000, Steinberg, Emson & Carpenter 2004), almost all is on aspects of mathematics 
education reforms, such as  research on curriculum and teaching methods, and teacher 
knowledge and student learning, and the culture of the classroom. 
By contrast, this research project provides an evidence base which addresses 
the  lack  of  research  about  teachers’  professional  and  personal  development  while 
undertaking postgraduate research study. The project focuses on a group of seven 
teachers, who are mathematics initial teacher education (ITE) mentors, during their Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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study for an MSc in mathematics education part-time over two years from October, 
2007. It is examining:  
a)    the  personal  and  professional  impact  of  research  and  study  on  these  mentors 
throughout their Masters course; 
b)    the  impact  this  learning  and  research  has  on  the  curriculum  and  pedagogical 
development in their respective classrooms and mathematics departments; and  
c)  the impact these developments might have  on schools, in particular on cross-
school liaison, given the close proximity of some of the participating schools to each 
other. 
The Teachers 
 Paul is the longest serving teacher in the study, with 15 years teaching experience 
including a responsibility post as a deputy head of the mathematics department, as he 
started postgraduate study. Rachel had 12 years teaching experience at the beginning 
of her Masters level study, similarly with a post as deputy head of the mathematics 
department.  She,  similarly,  has  been  a  long-term  curriculum  mentor,  particularly 
working  with  paired  student  placements.  Additionally,  Rachel  has  responsibility 
beyond  the  school  environment  as  a  ‘Leading  Mathematics  Teacher’,  a  post  that 
involves her in out-reach work with other mathematics teachers.  
Liz had eight years experience in the classroom at the outset of postgraduate 
study, is also a deputy head of the mathematics department and involved in a range of 
mathematics initiatives external to the school, such as the trialling of the government-
initiated  ‘Functional  Mathematics’  pilot,  the  Go4SET  project  and  a  TDA-funded 
Partnership  Development  School  network.  Jonathan  and  Claire  both  entered  their 
fourth year teaching as they embarked on their Masters degree. Each has a similar 
responsibility in their departments to others in the study. Neil and Nicola began their 
postgraduate study as they entered their second year teaching, though Neil brought 16 
years experience in industry, as an electrical engineer, to his classroom role. As they 
begin their third year teaching, both have since secured appointments as a deputy head 
of a mathematics department, Nicola as an internal school appointment and Neil in a 
different school. 
Data Collection 
The research uses a case study approach with mixed methods of data collection. There 
was an initial semi-structured focus group interview to ascertain the reasons each had 
for  undertaking  a  Masters  degree.  Each  teacher  is  since  keeping  a  reflective  log 
(Merritt and Edwards 2005) about the impact of their Masters level study, recording 
moments  when  ‘shifts’  in  thinking  occur  in  relation  to  mathematics,  curriculum, 
pedagogy, or shared practice in schools. This reflective log takes a variety of forms – 
two as a trajectory of experience on the Masters course with impact labelled clearly, 
one as a separate record of impact, two others as an edited audio version, and one as a 
blog on the NCETM portal. Some teaching sessions were audio-recorded, as a means 
of enabling the researcher to both teach the session and record field notes. Some field 
notes  were  written  after  the  finish  of  the  taught  session.  Audio-recorded,  semi-
structured focus group interviews, based at the University, supplement the reflective 
logs. These focus groups are designed to elicit collaborative impacts or developing 
communities of practice between the teachers involved. Individual semi-structured 
interviews  with  the  teachers,  within  their  school  environment,  to  elicit  further 
evidence of impact in situ are also audio-recorded. Other, more formal, means of Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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seeking evidence of impact include accredited assignments for the Masters degree. 
Similarly, more informal contacts, such as emails and phone conversations formed 
part of the field notes feeding into the analysis. On-going analysis of this data is 
exploring impact in five categorisations: personal impact; professional impact; impact 
on  classroom;  impact  on  department/school;  impact  beyond  the  school.  It  is  not 
possible, in the length of this paper, to examine teacher experiences as case studies in 
themselves, so I present some of the data within these categories. 
The Evidence 
The initial focus group interview, which took place in November, 2007, provided 
baseline evidence about the teachers’ motivations to undertake postgraduate study in 
the form of a Masters degree. These early motivations will be revisited in January, 
2009, as part of a different study. The main reasons for creating the time and space to 
undertake a taught Masters course included: 
wanting to see progress in my classroom; 
being able to question the curriculum; 
allowing me the space to engage pupils with mathematics outside the classroom; 
developing ideas about transferability of skills; 
keeping the classroom interest alive throughout all the management demands;  
maintaining my love of mathematics and keeping it alive in the classroom and in 
my teaching;  
a sense of ‘pulling things together’ in terms of teaching, learning, and personal 
development; 
putting my current bits of research to good use as a qualification;  
previous  experience  of  action  research  engendered  a  love  for  the  model  of 
classroom development; 
knowing and partially reading research evidence for my classroom – but now, 
more formally, setting aside the time to do this; 
giving me an opportunity to talk to other teachers about practice. 
In setting up this study, I envisaged three broad categories, within which I 
could place teachers’ recorded experiences. There is evidence of each of these three 
categories in these initial motives for postgraduate study. The first five represent the 
curriculum and pedagogical development impetus, as does the sixth.  The sixth also, 
along with the seventh to tenth, is evidence of motives for personal and professional 
development. The final statement indicates an understanding that the Masters level 
study will provide opportunities for cross-school collaboration. 
Although these three categories were sufficient for this initial data, subsequent 
data is proving ‘richer’ than these categories justify, so the three original categories 
have expanded to five (listed in the previous section). Initially, the reflective logs did 
not appear to provide a great deal of evidence, but this was just slow to develop – 
perhaps  an  expected  outcome  of  the  growing  engagement  with  a  Masters  course 
which sits easily with anecdotal evidence of teachers’ development. 
Personal Impact 
The  distinction  between  personal  and  professional  impacts  remains  somewhat  ill-
defined at present, but this is becoming clearer with a growing data set. At present (at 
the mid-point of the project), this delineation is made through whether the statement Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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indicates  development  of  self-knowledge  (personal)  or  development  of  knowledge 
which has an overt impact on aspects of professional life (though I acknowledge that 
the former could also impact on the latter). Two examples of quotes which I define as 
personal impact are:  
Group work is messy and I’m quite tidy so I was definitely out of my comfort 
zone to have children not facing me. I was surprised about how insecure it made 
me feel and I realised how much I needed to be in control in my classroom. After 
all these years teaching, I’m learning new things about myself. 
I think “it doesn’t matter what their books look like as long as they’re thinking” 
until I realise I’m thinking “what do their books look like?” I think I say I believe 
all these things but I’ve found I don’t actually do this in practice. I was reading 
something  about  the  relationship  between  beliefs  and  practice  and  I  thought 
“Oooh, that’s me”. 
Professional Impact 
Along with classroom impact, this is the most frequently identified impact recorded. 
The following are direct quotes from the teachers, either from their reflective logs, 
from the interviews, or from field notes: 
Reading Geoff Wake’s [2005] article prompted me to think about the way that I 
approach topics. I plan to think more carefully about beginning a topic with a 
problem and asking ‘what do we need to know/learn to solve this?’ 
Problem-solving ideas are much more in my thoughts when lesson planning now 
– I’m aware of a shift in my previous thinking – Bertie Bassett was successful!! 
Am rethinking whether ‘Functional Maths’ is a form of qualification or a way to 
teach all students 
I now like the phrase “creating a need”. The need to solve a problem may be 
created from real life problems or interesting puzzles. 
I used to read articles in Maths Teaching and think “That’s a good idea, I’ll do 
that”. Now I think “That’s a good idea, I wonder if the research evidence backs 
that up”. (FN)  
Assignments feed into everything I do. Its interesting to reflect – we don’t get 
enough time to reflect – but reading and doing assignments forces me to reflect 
more.   
Impact on Classroom 
Evidence of impact on the classroom is provided by the greatest variety of forms of 
data, including field notes and recordings of discussion in taught sessions, reflective 
log  notes,  written  assignments,  the  NCETM  blog  and  recorded  interviews.  This 
appears to be, one-year into data collection, the impact of which the teachers are most 
personally aware. Evidence includes:  
I have downloaded the MiC problem-solving activities for year 7 & 8 and have 
made Smart Notebook files of these to use with 7R1 and 8A2 this term. 
Ideas  from  the  UKMT  challenges  (without  the  multiple  choice  answers)  may 
make good lesson starter problems – written up one on Smart Notebook to use as 
a starter. 
Read  Mathematics  Teaching  194  p3-5  –  will  make  the  algebra  cards  and  use 
them. 
I have begun starting all  topics with problems. A good introduction  to 10M1, 
linking Pythagorean triples with the radius of a circle, means they are now all well 
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With 9M4 and 9N2, I posed a problem which forced  them to derive informal 
formulae. I have found this a useful starting point to find a problem that needs 
solving. 
It [NCETM conference] has had a positive effect on my teaching. I found the 
deconstruction of what 12/n means using ½ meaning 1 shared between 2 received 
a promising “Oh, that makes sense” from E and B in 7M3. 
Began groupwork with 8M2. The impact of the change [of arrangement of desks] 
was a pleasant atmosphere in the tutor group with 3 groups in 8M2 making better 
progress. 
I never believed in using friendship groups in the classroom because I thought 
they’d [the pupils] just chat, but when I listened to the audio tapes I was really 
surprised at the level of on-task talk for an hour – 93%. 
Impact on Department/School 
All  the  teachers  in  the  study  currently  have  posts  of  responsibility  within  their 
mathematics departments. The impact on the wider mathematical (and other) life of 
the school was a feature of this study, particularly for this reason, though it has been 
interesting to see how the foci of assignments (such as APP and ‘student voice’ have 
changed some of the teachers’ responsibilities in the school): 
Will get a copy of Prestage and Perks (2001). Found a copy in the Library. Very 
interesting reading – have made a list of suggested approaches and good ideas to 
add to our schemes of work. 
Have looked at Nrich website and curriculum mapping section to map puzzles to 
schemes of work. 
Borrowed the DIME Build-ups and used some department time on our INSET day 
to introduce them to the staff. We really enjoyed them!! 
My Head and DH asked to read my assignment on APP in maths. As a result, I 
was asked to do an analysis of the SATs results for the school to check whether 
they were comparable to the evidence we had in school – they were. I am now 
responsible for APP across the school!! 
I was asked yesterday to join a team/committee in school being set up to look at 
continued professional development. 
Impact Beyond the School 
Some of the teachers have significant roles and involvement in groups related to the 
teaching and learning of mathematics outside of their immediate school sphere. It 
seemed important that impact in these spheres was recognised. Additionally, the study 
aimed to examine collaborative activity between the teachers/schools. At present, this 
has been on a one-to-one basis for emotional support. Attendance at both NCETM 
and  BSRLM  conferences  have  had  impact  (see  above  [impact  on  classroom]  and 
below):  
I now go to meetings and think “I’ve done some reading about that” – different 
groups like the LMTs and the Hampshire AfL group. Sometimes I’ve actually 
brought  up  the  reading  I’ve  done  in  our  LMT  meeting.  We  got  into  a  really 
interesting discussion about exploratory talk and J told us about some work they’d 
been doing at W School.  
One of the sessions at BSRLM prompted me to contribute to the discussion which 
I didn’t think I ever would. 
As with the initial slow beginning to providing significant evidence of impact on 
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the  teachers’  development  in  thinking  about  how  theoretical  models  and  research 
impact on professional life. Further analysis against all these criteria is on-going, with 
the  intended  outcome  of  case  studies  of  teachers’  ‘narratives’  of  professional 
development. This model is employed with the aim of engaging the teachers in meta-
reflection  on  their  development  over  the  period  of  two  years,  using  ideas  from 
Schön’s model of reflection on reflection-in-action (Schön 1983). Such an approach, 
it  is  hoped,  will  shift  the  emphasis  from  research  on  teachers’  professional 
development,  as  described  earlier,  to  a  model  in  which  teachers’  are  actively 
examining, and influencing, their own professional development. 
 
Note: 
[1] This research is funded by The National Centre for Excellence in Teaching Mathematics, award 
number G070723 
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Children’s understandings of algebra 30 years on 
Jeremy Hodgen*, Dietmar Küchemann*, Margaret Brown* & Robert Coe** 
King’s College London (*), University of Durham (**) 
In this paper, we outline the design and method of Increasing Student 
Competence  and  Confidence  in  Algebra  and  Multiplicative  Structures 
(ICCAMS).  Phase  1  consists  of  a  large-scale  survey  of  attainment  in 
algebra and multiplicative reasoning, using test items developed during 
the  1970s  for  the  Concepts  in  Secondary  Mathematics  and  Science 
(CSMS) study (Hart 1981).  This will enable a comparison of children’s 
current  attainment  with  that  of  30  years  ago.  Phase  2  consists  of  a 
collaborative research study with 8 teachers extending the investigation to 
classroom / group settings and examining how formative assessment can 
be used to improve attainment. In June 2008, tests were administered to a 
sample of 3000 children in each of Years 7, 8 and 9. In addition, attitude 
questionnaires were administered. A sub-sample of these children will be 
followed  longitudinally  and  tested  in  2009  and  2010.  A  further  cross-
sectional sample will be administered in 2009.  
Keywords: secondary; pupil learning; assessment. 
Introduction 
Over the past 30 years, there has been a great deal of work directed at, first, 
understanding children’s difficulties in mathematics and, second, examining ways of 
tackling these difficulties. Yet, there is no clear evidence that that this work has had a 
significant  effect  in  terms  of  improving  either  attainment  or  engagement  in 
mathematics. Indeed, children continue to have considerable difficulties with algebra 
and multiplicative reasoning in particular (Brown, Brown, and Bibby 2008).  
The original Concepts in Secondary Mathematics and Science (CSMS) study 
was  conducted  30  years  ago.  The  study  made  a  very  significant  empirical  and 
theoretical  contribution  to  the  documentation  of  children’s  understandings  and 
misconceptions in school mathematics (Hart 1981). In the intervening period, there 
have been various large-scale national initiatives directed at improving mathematics 
teaching and raising attainment: e.g., the National Curriculum, National Testing at age 
7, 11 and 14, the National Numeracy Strategy and the Secondary Strategy. Many of 
these  initiatives  have  drawn  directly  on  the  CSMS  study.  During  this  period 
examination results have shown steady and substantial rises in attainment: e.g., the 
proportion of students achieving level 5 or above in Key Stage 3 (KS3) tests has risen 
from 56% in 1996 to 76% in 2006 and the proportion of students achieving grade C or 
above at GCSE has risen from 45% in 1992 to 54% in 2006. However, independent 
measures of attainment suggest that that these rises may be due more to “teaching to 
the test” rather than to increases in genuine mathematical understanding. Replication 
results  from  the  science  strand  of  the  CSMS  study  (using  a  test  on  volume  and 
density) suggests that, students’ understanding of some mathematical ideas as well as 
the related science concepts has declined (Shayer, Ginsberg, and Coe 2007). Studies 
at the primary level indicate that any increases in attainment due to the introduction of Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
From Informal Proceedings 28-3 (BSRLM) available at bsrlm.org.uk © the author - 37 
the National Numeracy Strategy have been at best modest (Brown et al. 2003; Tymms 
2004). Results from the Leverhulme Numeracy Research Programme suggest that any 
increase in attainment at Year 6 is followed by a reduction in attainment at Year 7 
(Hodgen and Brown 2007). Further, Williams et al. (2007) find that, following this 
dip at Year 7, there is a plateau in attainment across Key Stage 3. 
The research study 
Increasing Student Competence and Confidence in Algebra and Multiplicative 
Structures (ICCAMS) is a 4-year research project funded by the Economic and Social 
Research  Council  as  part  of  a  wider  initiative  aimed  at  identifying  ways  to 
participation in Science, Technology, Engineering and Mathematics disciplines. The 
project consists of a large-scale survey of 11-14 years olds’ understandings of algebra 
and multiplicative reasoning in England followed by a collaborative research study 
with the teacher-researchers extending the investigation to classroom / group settings 
and examining how formative assessment can be used to improve attainment and 
attitudes. The project is in its early stages and we are currently analysing the initial 
survey results. Comparison with the CSMS study will enable us to examine what 
gains, if any, have been made over the intervening period. The Phase 2 findings will 
extend the results to children’s understandings in group and classroom settings. 
Phase 1: The large-scale survey of algebra and multiplicative reasoning 11-14 
In Phase 1, we are conducting a large-scale survey of attainment in algebra 
and  multiplicative  reasoning  and  attitude  to  mathematics,  involving  both  cross-
sectional and longitudinal elements. This will use test items first developed during the 
1970s  as  part  the  CSMS  study  (Hart  1981).  Based  on  a  representative  sample  of 
schools  and  students  in  England,  the  survey  will  provide  a  comprehensive  and 
detailed  analysis  of  current  student  attainment  in  Algebra  and  Multiplicative 
reasoning. It will provide up-to-date information on student understandings of basic 
ideas in the areas of algebra and multiplicative reasoning enabling us to plot where 
changes have occurred since the original study. It will extend the CSMS study by 
linking  understanding  of  concepts  and  student  progression  to  student  attitudes,  to 
teaching, and to demographic factors. Analysis is being conducted using a variety of 
techniques, extending those used in the original CSMS study with Rasch techniques 
and multi-level modelling. 
The  survey  will  consist  of  both  cross-sectional  and  longitudinal  samples 
identified using the MidYIS database (Tymms and Coe 2003). Three original CSMS 
tests  (Ratio,  Algebra,  Decimals)  will  be  administered  with  some  additional  items 
relating to fractions (drawn from the CSMS Fractions test) and spreadsheet items. 
Piloting indicated that only minor updating of language and contexts was required.  
The test items range from very basic to sophisticated, allowing broad stages of 
attainment in each topic to be reported, but also each item, or linked group of items, is 
diagnostic in order to inform teachers about one aspect of student understanding. 
Phase 2: The collaborative research study investigating formative assessment 
In Phase 2, we are conducting a collaborative research study with teachers, 
which will indicate how they can best use a formative assessment focus within these 
curriculum  areas  to  improve  student  confidence  and  competence,  and  thus 
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formative and diagnostic assessment, there is also considerable evidence that teachers 
have considerable difficulties implementing these ideas (Watson 2006).  
Initially teachers will be supported in interpreting and acting upon the survey 
results of their students; later they will use classroom-based formative assessment 
based  on  the  frameworks  for  learning  provided  by  the  tests,  and  assessment  for 
learning  approaches.  They  will  also  draw  on  research-informed  approaches  to  the 
teaching of these curriculum areas. This study will, first, examine how teachers can 
make use of existing resources and initiatives to respond to students’ learning needs, 
and, second, develop and evaluate an intervention designed to enable a wider group of 
teachers with much less support to do this. In the final year of the study, the approach 
will be implemented and evaluated with a further group of teachers and classes.  
The  Phase  1  findings  will  provide  up-to-date  information  on  student 
understandings of basic ideas in the areas of algebra and multiplicative reasoning to 
inform the teachers and teacher-researchers in Phase 2 both about their own students 
and about where they lie relative to the general population.  
A central question for Phase 2 will be how the generic approach of formative 
assessment  can  be  adapted  to  the  particular  needs  of  mathematics  teaching  and 
learning. This will be done in several ways. First, the diagnostic results for individual 
students  assessed  against  the  learning  and  progression  framework  developed  by 
CSMS will guide teachers in planning appropriate work for students and in further 
formative  assessment.  The  CSMS  tests  were  carefully  designed  over  the  5-year 
project starting with diagnostic interviews in order to focus on student progression in 
understanding of key concepts such as variable and rational number. Second, we will 
identify and link existing teaching resources into the developmental and diagnostic 
learning structure provided by CSMS building on and extending our existing work in 
this area which is underpinned by a combination of Piagetian and Vygotskian theories 
(Brown  1992).  There  is  extensive  research  evidence  relating  to  the  teaching  and 
learning of both algebra and multiplicative reasoning that can inform this intervention 
(Bednarz,  Kieran,  and  Lee  1996;  Sutherland  et al.  2000;  Swan  2006;  Mason  and 
Sutherland 2002; Ainley, Bills, and Wilson 2005), but these research findings and 
resources have only made a limited impact on teaching practices in classrooms. The 
solution lies not in designing yet another resource for the teaching of algebra and 
multiplicative  reasoning,  but  in  supporting  the  judicious  use  and  interpretation  of 
existing resources by teachers (Askew 1996). Third, we will develop our existing 
work in this area (Hodgen and Wiliam 2006).  
The work to date 
In June 2008, tests were administered to a sample of approximately 3000 KS3 
students. In addition, attitude questionnaires were administered. These data have been 
coded  and  are  currently  being  analysed.  A  sub-sample  of  these  students  will  be 
followed longitudinally and tested in 2009 and 2010. A further cross-sectional sample 
will be administered in 2009. Phase 2 started in Autumn 2008. We have begun to 
analyse children’s understandings of algebra in group and classroom settings and to 
compare these with the test results.  
Early analysis: acceptance of lack of closure 
Since the analysis is at an early stage, in this section we focus on just one 
item, 5(c), from the Algebra test: If e + f  = 8, what is e + f + g? See Figure 1 for the 
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Figure 1: Item 5(c) from the Algebra test. 
 
This item was designed to test whether students would readily ‘accept the lack 
of  closure’  (Collis  1978)  of  an  expression  like  8  +  g.  Students  tend  to  see  the 
expression as an instruction to do something and many are reluctant to accept that it 
can also be seen as an entity (in this case, a number) in its own right. Thus, if one 
considers, say, the Y9 students tested in 1976, only 41% gave the response 8 + g. First 
indications suggest that the facility for our current Y9 sample is broadly similar to 
that in 1976. (See Figure 2 for a rough comparison of the unweighted 1976 and 2008 
survey results.)  
 
 
Figure 2: Facilities for item 5(c): e + f + g in 1976 (Y8-10) [n=2820] and 2008 (Y7-9) [n=1810].  
Note: in 1976, children were first surveyed at the then equivalent of Y8, because there was relatively 
little algebra taught to the then equivalent of Y7. 
 
In 1976, statistical software was relatively limited in the size of datasets that 
could be handled. One interesting feature is the extent to which we can now analyse 
the full variety of responses as shown in Figure 3. Numeric responses [together with 
common explanations given by students in interviews] included 12 [4 + 4 + 4], 9 [8 + 
1] and 15 [3 + 5 + 7 or alphabet code, g = 7].  
We recently interviewed several small groups of Y8 students on this item. 
Their collective meaning making was often quite revealing for us and fruitful for the 
students. In one group (of four students, taken from a quite high attaining Y8 set) one 
student had almost immediately offered the response 8g, but then, more than a minute 
later,  another  student  suggested  8  +  g.  Asked  which  they  preferred,  one  student 
expressed the ‘lack of closure’ dilemma very nicely: 
8g sounds more like maths....  than 8+g.... which  sounds (like a) bit of a sum 
which you have to work out; but 8g just seems like an answer.... in itself.... but 
8+g, you still think, ‘Oh, what will it equal?’.  
At the end of the discussion on this item (which ran for nearly four minutes), 
three of the students opted for 8 + g, with the fourth sticking with 8g. 
Another group (from a high attaining Y8 set) took just a few seconds to decide 
that the answer had to be 8 + g, “because you’re not told what g is”. For them, this 
property of g was unproblematic. On the other hand, it provided an insurmountable 
barrier for another group. Here, one student felt that e + f (and hence e + f + g) “... 
could be anything ... 2+6, 4+4 ...”. Asked what was the best we could do, given that 
we didn’t know the value of g, she suggested an answer of 12 (with e + f + g = 4 + 4 + 
4) as this is “just the easiest one”. Another student felt that one needed “to find out 
what g is and then you could add g to 8 to give you the answer”. In the meantime, the 
best one could do was “just guess”. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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Though this group did not get any further with this item, they exhibited a test-
savviness  that  we  also  noticed  in  other  groups  and  which  was  probably  not  as 
prominent in the past. Evidence for this can be seen in this exchange: 
Interviewer:   So what are we going to do for the answer? 
Student 1:  Take the simplest one 
Student 2:  No ... no, ’cos then they’ll probably just trick you into thinking 
that it’ll be the simplest one ... They’ll trick you into thinking that 
it’s 4+4+4. 
Figure 3: All responses and frequencies for item 5c: e +  f  + g =? [n=1810. Frequencies greater than 
1% of sample highlighted.] 
Conclusion 
As we have already noted, the analysis is at an early stage. We look forward to 
reporting more extensive findings at future BSRLM day conferences. 
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Researching Primary Trainees’ Choice of Examples: Some early analysis of data 
Ray Huntley 
University of Gloucestershire 
This  paper  reports  on  the  early  findings  of  a  doctoral  study  exploring 
primary  trainee  teachers’  choices  of  mathematical  examples  and  the 
relationship  between  this  and  their  mathematical  subject  knowledge. 
Through a combination of interview analyses and lesson plans gathered 
from  the final  school  placement  of  one  cohort of  B.Ed  trainees,  some 
approaches appear to be commonly held by trainees about the nature and 
purpose  of  examples  in  the  planning  and  teaching  process.  This  paper 
presents the research design and some early outcomes from the data with 
a view to developing a second phase of data collection. 
Keywords: Primary, Trainees, Examples 
Introduction 
The research reported here aims to examine the critical relationship between teachers’ 
subject  knowledge  in  mathematics  and  their  use  of  learning  examples,  whether 
generated by the teacher or the pupils, in the classroom. The work evolved from the 
researcher’s interest in these areas, following 18 years of primary school teaching and 
leadership followed by working on Initial Teacher Education programmes since 2002. 
In 1992 concerns about teachers’ subject knowledge were raised by Alexander 
et al, and later the curriculum for initial teacher training (ITT) included a strong focus 
on subject knowledge both for trainees’ standards and providers requirements (DfEE  
1998). In recent years evaluations of the National Numeracy Strategy (NNS) have 
maintained that teachers’ subject knowledge is a weakness, and Strategy consultants 
and others have developed materials to address this. It is against this background of 
ongoing  concern  about  subject  knowledge  that  this  research  commenced,  looking 
particularly  at  the  level  of  mathematical  subject  knowledge  in  primary  trainee 
teachers and how this influences their choice of examples. 
 
Subject Knowledge Research 
Shulman (1986) identified seven categories of teacher knowledge, three of 
which  have  been  used  as  a  focus  in  later  studies  -  subject  matter  knowledge, 
pedagogical  content  knowledge  and  curricular  knowledge,  in  particular  those  by 
Rowland  et  al.  (2000),  Rowland,  Huckstep  and  Thwaites  (2003),  Ma  (1999)  and 
Askew et al. (1997), all of whom refer to mathematical knowledge and its use in 
teaching. The study by Rowland et al. conceptualised the Knowledge Quartet, and one 
element  within  that  framework  involved  the  choice  of  appropriate  examples  by 
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The Study: Context and Methods 
The  study  reported  here  began  during  the  2007/8  academic  year  in  one  ITT 
institution.  Data  was  collected  from  the  final  year  (3
rd  Year)  cohort  of  the  B.Ed 
programme and included the following range: 
•  School placement data in terms of year groups taught 
•  GCSE and A-level grades in mathematics prior to starting the course 
•  Mathematics interview test data – item scores and totals 
•  Mathematics module assessments from each year on the course 
•  Diagnostic Numeracy Test scores from early in the 1
st Year 
•  Results from ‘Confidence Counts’, an additional mathematics support module 
•  Trainees’ self-audit of subject knowledge for mathematics 
 
The  entire  cohort  totalled  approximately  120  trainees,  with  some  having 
joined in Year 2 or 3, others having repeated a year along the way. The trainees in the 
cohort were contacted by email to ask for volunteers to take part in the research, 
outlining the part they would play and any materials needed from them, as well as 
explaining the ethical aspects including the trainees’ consent to using their data. This 
took place during the spring and summer of 2008, after the completion of final school 
placement  and  during  a  time  when  dissertations  were  being  completed  and  many 
trainees  were  going  through  the  process  of  applying  for  teaching  posts  for  the 
following  term. The  cohort  was  asked  to  supply  examples  of  mathematics  lesson 
plans from their final placement, along with any resource sheets, either published or 
personally produced, that were used in school. Consent was also sought to interview a 
sample of trainees, which by virtue of the fact they were volunteering, would be a 
self-selected sample. Researcher expectations were not high due to the timing of the 
collection, and the number of trainees who provided lesson plans totalled 22 out of the 
cohort  of  around  120.  From  those  who  submitted  lesson  plans,  only  10  were 
interviewed, the remainder being either unwilling or unavailable at the times required. 
The total number of plans submitted was 406, which provided a broad collection of 
examples to analyse, and these were spread across all primary year groups (including 
mixed-age classes) and all mathematics attainment targets. The breakdown of year 
groups and topics is included in tables later, along with information about the cohort 
from pre-course data and module results from during the course. 
Results and Discussion 
This paper reports some preliminary analysis of the data collected from Phase I in 
terms of obtaining an overview of the range and scope of data within the lesson plans 
and  how  the  interview  outcomes  provide  insight  into  the  approaches  trainees  use 
when planning mathematics lessons and selecting examples. 
One of the first concerns was whether the sample group who provided lesson 
plans,  and  from  which  the  sub-sample  who  were  interviewed  was  taken,  were 
representative of the cohort as a whole. To gauge this, a comparison was made of the 
sample against the whole cohort for various test scores, including GCSE and AS/A 
level results, pre-entry interview test scores and yearly mathematics module results. 
These  are  summarised  in  the  following  table,  with  exam  figures  showing  the 
percentage of the group attaining that result, and the test and module scores being 
averages: 
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Measure  Cohort (n=22)  Sample (n=108) 
GCSE grade A*/A  19%  23% 
GCSE grade B  33%  32% 
GCSE grade C  48%  45% 
A-level grades A-C  100% (3 trainees)  64.3% (14 trainees) 
Interview test score  54.7%  56.1% 
Year 1 module  52.0%  53.8% 
Year 2 module  56.1%  57.4% 
Year 3 module  56.6%  60.3% 
 
Given that the data appears to show a close match between the cohort and the 
sample, there was some degree of confidence that any findings from the sample could 
be said to be representative of the entire cohort to some extent. 
The  mathematics  lesson  plans  which  were  submitted  by  the  sample  group 
were sorted by year group and by mathematical topic to see which particular pupil 
groups and which areas of mathematics had the most representation in the data to be 
considered for analysis. Lesson plans for Year 4 occur most, with 79 separate lesson 
plans being provided, with 57 from Year 3 being the next highest. In terms of topic 
areas, it was no surprise that lessons on number featured prominently, with addition 
and subtraction lessons accounting for 59 of the 406 in total, and multiplication a 
further  49  lessons.  Not  far  behind  were  lessons  featuring  fractions,  decimals, 
percentage and ration, which made up 40 lessons. Combining these results allowed 
the selection of Year 4 addition and subtraction as the year and topic which was best 
represented, a total of 21 lessons coming from that overlap of year and topic. This, 
however, does not represent a substantial amount of data, and this will be addressed 
through further data collection in Phase II, and at that stage, some detailed analysis of 
the types of examples being selected by trainees can be carried out. 
The data which has allowed the most profitable analysis from Phase I is the 
interview data, which although only came from 10 trainees, gave some interesting 
insights into the approaches taken to plan mathematics lessons and the consideration 
of examples. The interviews were semi-structured and the interview schedule was 
based around five key themes: planning, resources, choice of examples, theoretical 
frameworks and subject knowledge. Each interview lasted around 15 to 20 minutes, 
much  shorter  than  anticipated,  and  this  is  another  aspect  which  can  be  further 
addressed in Phase II by developing a more in-depth schedule which can probe trainee 
experience more fully within the themes selected. 
The  interview  questions  around  the  notion  of  planning  for  mathematics 
lessons  began  with  an  open  question  about  how  trainees  approach  the  planning 
process, once they know which year group and topic they will be teaching. It was 
noticeable  that  most  of  the trainees  responded  by  briefly  considering  the  relevant 
learning objectives in the Primary National Strategy and then searching for ready-
made activities on teachers’ websites or in published books such as ‘100 Numeracy 
Lessons.’ It was also evident that trainees disregarded suggested teaching approaches 
suggested in the PNS or the old NNS by saying they tried to find more interesting 
activities than those given. The following are a selection of the responses around this 
aspect: “I have a look through the NNS and see what they should know to get an idea 
where to pitch it, then I’ll have a look around for ways of doing it more creatively,” 
“I’d probably go on Primary Resources,” and “I’d probably look in the framework to 
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This led to a consideration of the types of resources used by the trainees to 
support their planning. It seems they are vary aware of a wide variety of published 
resources and websites which offer ‘off the peg’ lessons for the full range of topics at 
all levels, and such resources are often the regular diet for many trainees and indeed 
some teachers. Those which received most mentions amongst the interview sample 
were: ‘Primary Resources’, Abacus Evolve, ‘100 Numeracy Lessons’ and ‘Teachers’ 
Resources  Online.’  It  would  appear  that  trainees  are  unwilling  to  invest  time  in 
considering planning lessons themselves, and prefer to rely largely on materials made 
by anonymous authors. This may change as they move through their teaching career 
beyond the NQT year, but possibly there is a danger of settling into a habit that could 
prevent effective planning skills ever developing. 
The next theme in the interviews is that of ‘choice of examples’, and it became 
apparent from the comments made by the trainees that they do not really understand 
the notion or purpose of choosing examples other than for filling up a worksheet in 
terms of quantity rather than pedagogic quality. There was a general sense from the 
data that the sequence of examples on a worksheet or for the main teaching input 
should progress simply according to pupil ability, from easier to more difficult, but 
without considering the pedagogic reasons as to what makes an example easy or more 
difficult.  The  following  comment  is  typical  of  the  type  received  in  response  to 
discussions  about  choice  of  examples:  “You’ve  got  to  try  to  make  sure  you  use 
examples  to  help  support  each  level,  work  your  questions  up  in  terms  of 
differentiation.” 
However, the range of comments included the following two responses, the 
first of which seems to demonstrate awareness that an example is only helpful if the 
child recognizes it as helpful in moving their understanding forward. If they cannot 
see  the  concept  within  the  example,  then  they  regard  the  example  as  something 
abstract and irrelevant: “You need to understand what actually helps each child, if it 
doesn’t help them they just see it as an object.” The last comment on this aspect 
demonstrates that for many trainees, the choice of example is based on their own 
competence and confidence, with them not wishing to have to deal with unexpected 
questions  during  their  teaching,  something  referred  to  by  Rowland,  Huckstep  and 
Thwaites (2003) as ‘contingency’: “I always make sure I choose examples that work.” 
The penultimate theme identified in the interviews is that of theoretical frameworks, 
and given that the sample group of trainees had almost completed the full three year 
B.Ed programme, it was assumed that they would have been able to recall some key 
theories which inform mathematics teaching and learning. However, as the selected 
comments demonstrate, there was some degree of vagueness about their knowledge of 
such frameworks: “I learnt a lot about ELPS,” (Liebeck 1984).   
This  comment  refers  to  a  model  promoted  strongly  by  the  University  of 
Gloucestershire,  derived  from  Bruner’s  (1966)  enactive,  iconic  and  symbolic 
approach, but reformulated as ‘experience, language, pictures and symbols’. It shows 
that some of the course input is found to be useful and relevant to some trainees. 
However, the next comments reveal some confusion between theoretical frameworks 
and school-based published teaching schemes, or textbooks which support trainees’ 
subject  knowledge  development:  “Abacus  is  quite  good”  and  “Cockburn  on 
subtraction…and Chinn…” 
The remaining comments in this area show a lack of awareness of theoretical 
perspectives, and even antipathy towards them: “None that I can think of,” “I don’t 
think there are any,” “I don’t use them in planning,” and “I’ve got a non-reading 
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The final comments are drawn from discussion in the interviews about the 
trainees’ perception of their own level of subject knowledge; although for this theme 
there  was  no  distinction  between  subject  matter  knowledge,  pedagogic  content 
knowledge and any other category of mathematical knowledge needed for teaching. 
The  comments  often  show  that  trainees  are  still  rather  anxious  and  lacking 
confidence, even a matter of weeks before they are due to start their NQT teaching 
year: “It’s alright, but I learn fractions every time I teach them,” “Maths is the thing 
I’m scared of teaching,” and  
“I should be better than I am because I did AS level, but the methods have changed.” 
Summary 
The data collected so far in this study has provided an initial insight into the 
subject knowledge and choice of examples by one group of primary trainees. From a 
small, self-selected sample of final year B.Ed trainees, there is some evidence that 
awareness  of  theoretical  influences  is  weak,  subject  knowledge  continues  to  be  a 
cause for anxiety and the process of selecting examples for teaching and learning 
mathematics is rather more random than pedagogically planned. The focus for Phase 
II of the research seems clear as a result of the data collected in Phase I, and will be 
on  selecting  a  sample  to  form  a  multiple  case  study,  with  participants  being 
scrutinised  as  they  move  towards  final  school  placement,  through  planning  and 
teaching mathematics, and finally to a period of reflection after the placement. From 
phase II it is anticipated that a conceptual framework can be constructed which can 
describe trainees approaches to choosing examples and support future trainees in that 
process. 
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Children’s understanding of randomness as a model 
Peter Johnston-Wilder 
University of Warwick 
This  paper  presents  two  views  of  randomness  from  literature  on 
philosophy of science.  Each of these is discussed in relation to learning 
randomness, and they are related to a common restricted understanding of 
randomness.  These views are used to analyse extracts from interviews 
with  secondary  school  pupils  in  which  the  pupils  were  invited  to 
participate in simple experiments involving randomness, and to discuss 
situations using the idea of randomness.  Finally, the paper presents some 
conclusions and questions that follow from this discussion. 
Keywords: Randomness; pupil’s understanding. 
Two philosophical views  
Much  probabilistic  work  in  the  secondary  curriculum  is  founded  on  the  standard 
frequentist approach of Von Mises (1939).  The view of randomness underpinning 
this  approach  is  incompatible  with  applications  to  situations  involving  finite 
sequences  of  outcomes,  or  unrepeatable  single  events.    Recent  accounts  of 
randomness by philosophers have re-examined the concept to clarify it, and to extend 
the rigour of the idea to contexts in which it is naturally applied.  In this paper, I refer 
to two writers, Kyburg and Eagle, whose ideas enlightened my thinking.  The first 
writer offers an interpretation whereby randomness provides a model for thinking 
about  situations  that  are  uncertain  or  unpredictable.    The  second  extends  this  by 
defining randomness as unpredictability, and in so doing seems to me to extend the 
applicability of the model of randomness to the real world. 
Randomness as a model for incomplete knowledge 
Kyburg offers an interpretation of randomness which draws attention to the role of the 
state of knowledge of the person making the judgement that the situation is ‘random’.  
He says randomness is “a concept which is relative to our body of knowledge, which 
will somehow reflect what we know and what we don’t know.” (1974, 217)   
This interpretation of randomness accords with the idea of randomness as a 
model for situations of uncertainty.  It allows the use of pseudo-random generators 
without  difficulty,  provided  the  user  does  not  have  knowledge  of  the  underlying 
algorithm to enable prediction of outcomes.  For example, the sequence of integers in 
the decimal expansion of π may appear to be the outcome of a random process to a 
person who did not know their source, even though they are a determined sequence. 
Randomness as Unpredictability 
The concept of randomness is used in a variety of ways.  Some writers (Howson and 
Urbach 1993) suggest that it may be impossible adequately to account for all of the 
various applications through a single united concept.  Anthony Eagle has recently Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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attempted  such  unification,  proposing  that  “randomness  is  to  be  understood  as  a 
special case of the epistemic concept of the unpredictability of a process” (2005, 1). 
There are interesting resonances in Eagle’s ideas with the National Curriculum 
for Mathematics in England, which requires that “pupils should be taught to see that 
random processes are unpredictable”.  While the meaning ascribed by Eagle to the 
idea  of  ‘unpredictability’  is  more  rigorous  and  precise  than  that  intended  in  the 
National Curriculum, the resonance of ideas is worth pursuing.  Eagle identifies four 
competing demands to be satisfied by rigorous analysis of randomness as a single 
concept.  These demands, required for an intuitive use of the concept, offer interesting 
resonance with pupils’ experiences of randomness.  I briefly review each of these.   
Statistical Testing   
The idea of random sampling is introduced in Key Stage 3 of the English National 
Curriculum  for  Mathematics;  pupils  are  expected  to  select  and  justify  random 
samples.    They  are  expected  to  work  with  computer-generated  pseudo-random 
numbers, and possibly also with random number tables.  This requires at least an 
informal idea of what might be expected of a random sequence and some idea of how 
to recognise a random sequence.  Although the treatment of these ideas for secondary 
school  pupils  is  informal,  their  discussion  still  raises  some  of  the  difficult  issues 
underpinning  the  concept  of  randomness.    Seeing  randomness  as  unpredictability 
emphasises the idea that an individual’s state of knowledge about the process is a key 
factor  in  attributing  randomness.    Pseudo-random  numbers  are  self-evidently 
unpredictable for a pupil using computer software.   
Finite randomness   
The National Curriculum requires that “pupils should be taught to see that random 
processes are unpredictable”.  Thus, inevitably, pupils consider finite processes and 
single events.  They often speak of a single event as random, even though the standard 
frequentist explanation of probability, often presented in secondary texts, uses a view 
of randomness that is incompatible with such usage.  However, if an event is clearly 
‘unpredictable’, then randomness may intuitively be an appropriate model to consider. 
Explanation and Confirmation   
The problem of how to recognise, or test whether a process is random is a particularly 
difficult one for pupils with standard views of randomness.  Typically pupils might 
use the idea of pattern breaking; this can lead to difficulties.  If the pupil is simply 
looking to see if outcomes are unpredictable, some of these issues can be avoided. 
Determinism   
Some pupils may consider that a process that is essentially deterministic cannot be 
seen as random, and vice versa.  Such a belief would be difficult to reconcile with 
approaches whereby some phenomena are seen as both deterministic and random. 
 
I now consider the relevance of speaking about randomness as unpredictability for 
children in secondary school.   
Degrees of randomness 
Researchers have reported pupils’ confusion between the related ideas of randomness 
and fairness (for example, Batanero and Sanchez 1999).  Fairness applied to a die Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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usually describes ‘equiprobability’, and yet it is sometimes used as a synonym for 
‘random’.  A ‘fair’ die is sometimes thought of as being ‘more random’ than a biased 
die.   This  leads  to  the  idea  that  some  pupils  think  of randomness  as  a  matter  of 
‘degree’: some processes are seen as random, but less random than others.  The term 
‘degree(s) of randomness’ is used in various contexts on websites, including many 
academic sites in fields such as geography, mathematics and linguistics.  This may 
indicate that the underlying idea is emerging into wider use, and it might not be 
surprising to find that children are using the idea in their discourse about randomness. 
The idea of ‘degrees of randomness’ relates to a fundamental philosophical 
issue about the nature of randomness.  If randomness is ‘unpredictability’, then a 
probability distribution may be considered to be a measure of the degree to which an 
outcome is predictable.  A situation with a finite number of possible outcomes has 
maximal unpredictability if the outcomes are equally likely, and might be considered 
the most random possible.  The a biased die is to some extent predictable; in that 
sense bias is the antithesis of randomness.  Alternatively, if randomness is considered 
absolutely the opposite of deterministic, then a situation in which the outcome is not 
completely determined can be said to have a random component. 
Pupils’ ideas about randomness 
In this section, I present some ideas about randomness expressed by secondary school 
pupils in interviews, and I relate these to the philosophical positions discussed above.  
The interviews, each lasting at least 40 minutes, were conducted with 18 pupils aged 
13 to 17 as part of a study of learners’ conceptions of randomness.  Interviewees 
discussed a series of experiments involving rolling three different dice (a biased die, a 
spherical die and a cracked die).  At the end of each interview, I invited the pupil to 
describe other situations that they might think of as being random in nature.  Several 
of the examples discussed below are taken from that final stage of the interviews. 
Model of incomplete knowledge 
When I asked David (age 14.1) to think of examples, other than dice and coins, where 
things happen ‘by chance’, his first suggestion was ‘football matches’, although he 
went on to qualify this example by excluding factors such the skill of the teams. 
…  someone  like  Bradford  playing  Manchester  United,  everyone  would  say 
Manchester United are going to win, cos they’re the best team.  But although it is 
sometimes in football down to skill, a lot of it can be chance and good luck, so I’d 
say they could still have a chance to win.  It’s still just two teams and one of them 
has to win.  So you couldn’t ever know definitely which one’s going to win. 
When considering the result of a match, David did not see chance as an external 
agency, like luck, but rather he used chance as a model to account for the remaining 
uncertainty after taking account of what he knew about the skill of the teams.  This 
informal way of thinking is reminiscent of a statistician using analysis of variance to 
account for a proportion of the variability and looking on the residual variability as 
due to ‘chance’.  David’s approach also resonates with Kyburg’s (1974) suggestion 
that a judgement of randomness is relative to the knowledge of the judge  
Ben  (age  15.7)  thought  sporting  results  (football,  or  horse-racing)  were 
essentially  deterministic  and,  to  some  extent,  predictable  by  people  in  the  know.  
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They’re not completely random, but there will be some anomalies that just… turn 
up.  So, I’d say that they’re almost not random, but they sort of are as well. 
Ben  mentioned  very  rare  events,  such  as  “getting  knocked  over  by  a  bus”,  and 
commented “it’s such a small chance, hopefully, that … you just don’t treat it as 
anything random at all – it’s just not going to happen”.  This suggests that he may 
have been thinking of probability as a measure of the extent to which something is not 
determinate, and hence ‘random’.  
Examples from sport are complex situations in which there are clear causal 
factors, but Ben was able to see that, in spite of these, a random model could be 
applied appropriately.  When discussing situations in which he could consider the 
outcomes to be random, the very large number of factors that affect the outcomes was 
the critical element in making something random.  However, when he tried to apply 
this reasoning to an imagined person involved in a recent rail crash, for which no 
cause  was  yet  known,  he  stated  that  the  outcome  was  strictly  “not  completely 
random” because there are contributing factors that affect the outcome, and these 
factors could be predicted.  Nonetheless, the number of contributing factors appeared 
so large that it became difficult or impossible to predict the outcome, and so the 
situation could be considered random.  Ben suggested that randomness could be a 
useful model for events where the causes are unpredictable or unknown.   
 [something random] occurs because of … millions and millions of variables that 
just can’t be controlled… just sort of controls themselves… they just change for 
no reason, or they have sort of a reason, but can be affected…  The reasons could 
be other variables, which would make it even more complicated… 
Ben naturally linked the notion of randomness as unpredictability with his use of 
randomness as a model to account for incomplete knowledge of a complex system. 
Expressing degrees of randomness 
Several interviewees compared the degree of randomness shown by the three different 
dice.    David  used  this  idea  when  he  finally  recognised  bias  in  the  die  (after  23 
throws); he still thought the behaviour of the die was ‘chance’, “but not as well as a 
normal  dice”.    This  seemed  a  reasonable  comment  in  view  of  the  fact  that  the 
outcomes from the biased die were not certain.  Later, when considering the spherical 
die, he commented “this dice is more chance than the other one, because… it was 
high numbers then low numbers”.  Ben said something similar after ten outcomes 
from the spherical die, when he commented that this die appeared to be “a lot more 
random than the other one… although we’re getting lots of 1s and 5s”, referring to the 
biased die.  He meant by this that it didn’t “seem to be so biased”.  Note that neither 
Ben nor David were saying that the spherical die appeared to be completely random; 
both were still concerned about aspects of the outcomes that they had observed so far.  
Later, when discussing the cracked die, Ben seemed to suggest that he could 
control the degree of randomness in the outcomes by the way he rolled the die.   
If you pick it up like that, and then roll it…it’s more likely to get… a number on 
one of these faces, so long as it’ll land straight, and doesn’t bounce.  And then if 
you just… pick it up and chuck it, then… that’s more random, rather than just 
keep rolling it all the time, which is what I’m doing on this table.  Because if I 
just… chuck it, it would bounce around on the carpet a bit and go away.  So 
you’re  more  likely  to  get…  the  same  type  of  numbers  recurring  over  again.  
Well… it might not be the same numbers, but it will be less random because, if 
we’re always picking it up in the same way and rolling it in the same way, then it 
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Ben suggested that, by rolling the die in controlled manner along the table, he could 
restrict the outcomes, whereas if he were to “chuck it, it would bounce around on the 
carpet a bit…”.   
The  expression  of  degrees  of  randomness  involves  understanding  beyond 
seeing randomness  as only equivalent to fairness.  It also requires  a facility with 
language related to probability and randomness.  Ben and David expressed this idea 
particularly clearly; both also showed that they were able to think of randomness as a 
model for incomplete knowledge in various real world contexts. 
In another interview, Abby (age 17.7) came to the interesting conclusion that 
“randomness is personal”!  She had been discussing the idea that the outcome of 
rolling a die was unpredictable, but that if she knew enough about how it was rolled, 
how much it weighed, and about the physics, then it could become predictable.  She 
went on to consider whether this would still be random. 
[It] depends on what randomness means.  Because if it does mean something that 
is unpredictable, then… that depends what you mean by unpredictable, because I 
can’t  predict  the  weather,  but  the  Met  office  can,  to  a  point.    ...    So  that  all 
depends on what is predictable and what is random.  I see random as something 
that’s unpredictable, but  … I’ve all of a sudden got a bit stumped as to what 
predictable and unpredictable mean. Perhaps random is a personal thing.   
Abby seemed to be creating for herself a new way of understanding ‘randomness’ as 
she spoke.  The degree of randomness was related to the knowledge of the person 
making the judgement.  She returned to this idea again later in the interview and gave 
further examples.  This example shows how the idea of degrees of randomness can be 
extended to form the more complex idea that randomness can be a model that depends 
on  the  knowledge  of  the  individual.    Abby  has  expressed  a  sophisticated 
understanding of randomness that is close to Kyburg’s view. 
Conclusions 
When interviewees were able to think of randomness as a model for situations in 
which outcomes were ‘caused’ by many factors in a complex system, they showed 
subtle  and  delicate  shifts  between  speaking  of  the  outcomes  as  random  and 
determined.    Some  interviewees  spoke  in  terms  of  randomness  being  a  matter  of 
degree, and were able to think of some things as being more random than others.  I 
see this idea as critical in the development of an understanding of the applicability of 
randomness as a model for a variety of situations in the real world.   
I also see the idea of degrees of randomness as part of the solution to the 
paradox of seeing randomness as equivalent to fairness.  Once randomness is seen as 
unpredictability and a probability distribution as a measure of degree of predictability, 
then the learner can be seen to possess the resources to construct a global perspective 
on randomness – that is to construct the idea of a probability distribution. 
Interviewees who expressed the idea of degrees of randomness were also able 
to see a variety of applications of randomness to the weather, to sport and to chance 
events in everyday life.  Other interviewees, who appeared to see randomness as an 
absolute concept, without a clear expression of degrees of randomness, did not appear 
to perceive this variety of applications (Johnston-Wilder 2006). 
A  more  powerful  view  of  randomness  arises  from  the  definition  of 
randomness  proposed  by  Kyburg  (1974):  randomness  can  provide  a  model  for  a 
situation in which the judge has incomplete knowledge, even though the situation 
might be strictly deterministic.  Such a view was clearly expressed by David and Ben, Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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and by Abby when she spoke of randomness as ‘personal’. It is interesting to note that 
these are the individuals who also expressed the idea of ‘degrees of randomness’, and 
the extracts showing this idea of randomness as a model for incomplete knowledge 
are  from  different  parts  of  the  interviews  from  the  places  where  they  expressed 
‘degrees of randomness’.  This suggests to me that these two ideas might be linked.   
Ben  also  expressed  the  idea  of  randomness  as  a  model  for  incomplete 
knowledge in his suggestion that randomness might be a model for situations affected 
by many factors.  Abby is particularly interesting as her idea that randomness was a 
personal judgement appeared to have developed within the interview.   
These results suggest that in pupils’ early experiences with random processes, 
it is important that learners are allowed and  encouraged to inspect the generating 
process, to consider whether a model of randomness is appropriate, and to discuss 
their views.  It may also be important for pupils to meet generating processes not 
easily modelled from a set of equally likely outcomes, since through consideration of 
‘unfair’  generators  learners  can  develop  an  awareness  of  degrees  of  randomness.  
There is a natural assumption that physical random generators will be symmetrical, 
but, where the process was asymmetrical, interviewees often could not take account 
of this.  From appreciation of degrees of randomness, pupils can begin to apply their 
mental model of randomness to a wider variety of contexts, and to consider more 
carefully the relationship between deterministic contexts and randomness.  Classroom 
discussion about whether and under what circumstances ‘scoring a winning goal in 
the final minute of a critical football match’ could be modelled using randomness 
could allow learners to consider the role of causal factors in the predictability or 
unpredictability of such an event.  Then an appropriate modelling tool might enable 
learners to build a representation of their random model for this event.  The random 
generator should be open to inspection, discussion and amendment by the learner. 
There is a need to understand better how learners can develop awareness and 
understanding of the relationship between sample size and variability of outcomes 
within the sample.  There is also a need to develop clearer understanding of how to 
structure a learner’s attention productively to develop awareness of variation and how 
attention is affected by the probability distribution as well as sample size. 
References 
Batanero, C. and L. Serrano. 1999. The Meaning of Randomness for Secondary School 
Children. Journal for Research in Mathematics Education 30(5): 558–567. 
Chaitin, G. 1975. Randomness and Mathematical Proof. Scientific American, 232: 47–
52. 
Eagle, A. 2005. Randomness is Unpredictability. British Journal for the Philosophy of 
Science, available online from http://philsci-archive.pitt.edu/archive/00002134/, 
accessed May 2006. 
Howson, C. and P. Urbach. 1993. Scientific Reasoning: the Bayesian Approach. 2
nd Ed. 
Chicago: Open Court,. 
Johnston-Wilder, P. 2006. Learners’ Shifting Perceptions of Randomness. 
Unpublished PhD thesis, Open University, UK. 
Kyburg, H. E. 1974. The Logical Foundations of Statistical Inference. Dordrecht: D. 
Reidel. 
Von Mises, R., 1939. Probability, statistics and truth.  2
nd Ed. Trans. J. Neyman, D. 
Scholl and E. Rabinovitsch.  New York: Macmillan. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
From Informal Proceedings 28-3 (BSRLM) available at bsrlm.org.uk © the author - 54 
Does Articulation Matter when Learning Mathematics? 
Sue Johnston-Wilder and Clare Lee 
University of Warwick, Institute of Education 
In this paper, we set out why we feel that it is important for pupils to 
articulate  their  mathematical ideas  as  they  come  to  learn mathematics, 
whether  orally,  in  writing  or  through  some  other  representation.  We 
explain the connections we see between thinking, articulating, learning 
and building a pupil’s identity as a competent user of mathematical skills, 
thinking and reasoning. We believe that articulating mathematical ideas 
contributes to building what we will call ‘mathematical resilience’. 
Keywords: learning mathematics; articulation; language; mathematical 
resilience 
Introduction 
There  is  a  growing  focus  on  the  role  of  articulation  in  pupils’  learning  (see  for 
example  Sfard  2007  and  Mercer  and  Littleton  2007).  When  we  use  the  term 
‘articulation’,  we  mean  the  act  or  process  of  converting  a  thought  or  idea  into 
something that is communicable to others. There is growing evidence from Science 
and English curriculum areas, in particular, that learning and articulation are closely 
interlinked  (Mercer  and  Littleton  2007  and  Alexander  2006),  and  that  increased 
articulation leads to raising attainment and giving pupils a more positive attitude to 
learning. ‘Talk for learning’ is described, by such authors as Pimm (1987), Mercer 
and Littleton (2007) and Alexander (2006), as increasing both pupils’ knowledge and 
their confidence in that knowledge.  
There  is  also  evidence  (Newman  2004)  that  articulation  contributes  to 
resilience  in  learning;  it  would  seem  important  to  explore  this  in  the  context  of 
mathematics. Mathematics is found difficult by many pupils; Cockcroft (1982) said: 
“Mathematics is a difficult subject both to teach and to learn” (Para 228, p, 67). Many 
people understand that mathematicians struggle; they work through long streams of 
reasoning, apply logical thinking, and use symbols to record their thinking. Along the 
way they take wrong turns, misunderstand the nature of the outcome they are seeking 
and often reflect and re-align their thinking. We conjecture that what is missing from 
the current political focus on mathematical attainment at a certain age is a focus on 
valuing this willingness to struggle. We propose to call this willingness to struggle 
‘mathematical resilience’ so that we are in a position to discuss what it might look 
like; enabling us to use the power of language … to use names and descriptions to 
conjure, communicate and control our images (Pimm, 1995). Translating Newman 
into the mathematical context, mathematical resilience is developed in part through 
meaningful  participation  in  mathematical  learning.  Such  meaningful  participation 
requires  the  pupils,  not  only  the  teacher,  to  be  actively  involved  in  thinking  and 
communicating in mathematics, and may be achieved in a ‘conjecturing atmosphere’ 
(Mason  1988).  Mathematical  resilience  is  the  opposite  of  ‘learned  helplessness’ 
(Newman 2004 and Dweck 2000), where pupils tend to lack strategies to cope with 
any barriers or difficulties. In order to develop mathematical resilience, a pupil needs Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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a  belief  that  they  can  learn  and  grow  in  mathematical  knowing,  thinking  and 
understanding.  Locus  of  control  is  an  important  aspect  of  developing  resilience 
(Newman 2004). Pupils develop resilience by taking appropriate responsibility for 
their own learning and taking that responsibility involves pupils communicating their 
current understanding, needs and interests. Pimm also tells us that, by articulating, 
pupils are able to take control over mathematical meanings,  
 “….  Children  need  to  learn  how  to  mean  mathematically,  how  to  use 
mathematical  language  to  create,  control  and  express  their  own  mathematical 
meanings  as  well  as  to  interpret  the  mathematical  language  of  others”  (Pimm 
1995, p. 179) 
However, for a variety of reasons, the potential of pupils articulating their 
mathematical ideas is not fully realised in English secondary mathematics classrooms 
in  ways  that  best  support  improvements  in  mathematical  learning  (Ofsted  2006, 
2008). It is clear that: 
 “we have the practical knowledge needed to improve the quality of classroom 
talk. Yet in most classrooms, and in most educational policy, talk remains a taken 
for granted feature of everyday life” Mercer & Hodgkinson, 2008 p. xvii 
Furthermore we are told that: 
 “…to  be  most  effective,  mathematics  education  needs  a  pedagogy  which 
explicitly  encourages  the  active  engagement  of  students  in  dialogue,  and  that 
mathematics teachers need to  critically review  their  current practice” Solomon 
and Black 2008 p. 73 
There  has  been  a  great  deal  written  about  the  language  of  mathematics 
(Durkin  and  Shire  1991,  Pimm  1987)  and  its  use  in  the  mathematics  classroom, 
including the issues and barriers caused by the language used to express mathematical 
ideas (Evans and Tsatsaroni1994, Sfard 2001). Can classroom practice be developed 
in English mathematics  classrooms to enable pupils to become more confident in 
articulating  mathematical  ideas  themselves  in  order  to  increase  their  learning  and 
development? Will the mathematical learning that the pupils engage with change by 
focusing  on  communicating  mathematical  ideas  and  processes  (Alexander  2006, 
Mercer and Littleton 2007, Pimm 1995) rather than focusing on instrumental (Skemp 
1976) or surface learning (Sims 2006) and completing algorithmic exercises - and if 
so, how?.  
There  are  increasing  concerns  about  the  shortage  of  mathematicians  and 
scientists in the UK economic system (e.g. Roberts 2002). We consider that there is a 
link between pupils’ confidence in themselves as successful learners of mathematics, 
their  mathematical  resilience  and  their  willingness  to  pursue  further  study  in 
mathematics as a way to progress their career (e.g. Nardi and Steward 2003). We also 
see a focus on articulating mathematical ideas adding to teachers’ understanding of 
how to respond positively to the demands for increased pupil confidence and Personal 
Learning  and  Thinking  Skills  (QCA  2007)  within  the  day-to-day  constraints  of 
school, busy timetables, large classes and sometimes prescriptive schemes of work.   
The theoretical basis 
The role of talk or dialogue in learning has been discussed since before Plato. Both 
Mercer and Littleton (2007) and Alexander (2006) have expanded on the development 
of dialogue as a tool for increasing pupils’ thinking, learning and development across 
the curriculum. In our experience, the methods advocated by these authors will need 
some transformation in order to be effectively applied to mathematics classrooms. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
From Informal Proceedings 28-3 (BSRLM) available at bsrlm.org.uk © the author - 56 
Both Mercer and Alexander based their thinking on the theories developed by 
Vygotsky. Vygotsky maintained (1981) that the act of speech creation profoundly 
influences learning. Speaking or otherwise communicating requires an individual to 
place structure and coherence on their understanding that may lead to recognition of 
gaps  in  that  understanding  or  new  connections  between  formerly  disconnected 
knowledge.  The  interaction  between  speaker  and  listener(s)  in  a  conversation 
amplifies  this  process  as  the  parties  attempt  to  reconcile  differences  in  their 
perspectives, opinions, and experiences. Sfard (2007) takes this further emphasising 
the symbiotic relationship between thinking, learning and communicating. 
Becoming able to articulate mathematical ideas, concepts and reasoning has a 
profound effect on the way that pupils see themselves (Lee 1998, 2006). The better a 
pupil can use the discourse that a mathematician may use, the more they become a 
mathematician, that is, someone who can solve problems using mathematics. Several 
authors emphasise the importance of learning to speak like a mathematician in order 
to take on the identity of a mathematician (Holland et al. 1998, Lave and Wenger, 
1991, Wenger, 1999). Gergen (1995) considers that knowing only exists as part of a 
community and that in order to be said to ‘know’ mathematics, one must occupy a 
discursive  position  that  is  accorded  the  standpoint  of  authority  by  the  social 
community of mathematicians. ‘The ideal position is not knowing that something is 
the case, but knowing how to produce language that will be accorded status’ (Gergen 
1995, 31). That is, an individual takes on the identity of a mathematician, someone 
who ‘knows mathematics,’ by learning how to talk like a mathematician. If pupils are 
not given the opportunity to ‘talk like a mathematician’, their mathematical education 
is impoverished. 
Anne  Watson  goes  further  to  term  what  happens  in  many  mathematics 
classrooms as ‘cognitive abuse’. That is an emotive term but is a notion that many 
mathematical  educators  recognise.  Abuse  results  in  damage;  cognitive  abuse  or 
neglect results in damage to the way that pupils think about mathematics and to their 
ability to succeed in learning mathematics. Where pupils develop resilience, through a 
talking  and  learning  classroom,  they  can  deal  with  the  difficulties  inherent  in 
understanding mathematics.  
Resilience in learning mathematics is therefore essential for pupils to succeed. 
Newman defines resilience as a process of ‘positive adaptation in the face of severe 
adversities’  (2004,  3).  If  pupils  are  to  engage with  mathematics,  struggle through 
problems, deal with barriers and misunderstandings and work on mathematical ideas, 
then  they  will  need  resilience.  Many  pupils  experience  the  idea  of  working  with 
mathematics  as  facing  severe  adversity.  We  also  know  that  many  people  do  not 
develop resilience in the current system, but rather become maths anxious. (See for 
example, Ashcraft 2002.) There is evidence that mathematics anxiety (Ashcraft 2002) 
can  severely  compromise  the  ability  of  some  individual  pupils  to  carry  out 
mathematical processes and that anxiety is, for many, an acquired response to school 
situations rather than innate. The origins of mathematics anxiety lie in part in the 
interactions between the learner and teacher, but it is unclear which components of 
teaching style might be associated with increased anxiety (Ashcraft, 1992). There is 
an  indication  that  articulation  of  ideas  improves  pupils’  confidence  in  both  their 
learning and their competence to use mathematical concepts; that is, it increases their 
mathematical resilience.  
The current system of teaching and testing seems to develop an entity or fixed 
theory of learning (Dweck 1999) that makes pupils’ believe that they are either good 
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when at school, can find mathematics straightforward and easy; every time they get 
stuck they ask their teacher, who ‘smoothes the path’ (Wigley 1992) for them. They 
do not meet problems that require ‘struggle’ and therefore do not develop ways to 
deal with adversity, or mathematical resilience. If they continue to study mathematics, 
they may then meet a barrier and this may lead them to consider they have reached 
the  ceiling  of  their  ability  and  consequently  ‘drop  out’.  Developing  mathematical 
resilience is important, but currently it happens by accident if it happens at all. When 
a teacher develops a ‘talking and learning’ classroom, the idea that people struggle to 
find  an  answer  may  become  apparent;  pupils  may  struggle  together  and  see 
incremental  learning  happening.  They  may  share  ways  to  overcome  barriers  and 
develop a store of knowledge about what to do to struggle forward to a solution; they 
may develop mathematical resilience. 
Approaches that could be used in the classroom 
We consider that teachers could be supported in trying out a range of approaches for 
improving pupils’ articulation of mathematics, including, but not limited to:  
•  Using success criteria to guide pupil learning – the criteria are negotiated with and 
often suggested by the pupils and often set out the process of achieving 
mathematical success. The discussion in the classroom revolves around achieving 
the success criteria. 
•  Ideas devised to improve pupils’ ability to use mathematically correct vocabulary 
and ways of expression (The Mathematics Register, Pimm 1987) to express their 
own mathematical and scientific learning. 
•  Devising questions and activities that require pupils to talk about their 
mathematical ideas and reasoning using the mathematics register. 
•  Asking pupils to present mathematics that they have worked on with others in a 
small group. 
•  Asking pupils to work in pairs to write a solution to a maths problem, then 
discussing the resulting ideas as a class, asking for the reasoning behind working 
in certain ways. 
•  Assessment for learning. 
 
Assessment for learning or formative assessment (DCSF 2007) depends on pupils’ 
ability to express their current level of knowledge and to discuss and understand ways 
to  improve  that  knowledge.  Effective  use  of  assessment  for  learning  therefore 
depends on the development of classroom practice that requires pupils to express their 
mathematical ideas. If pupils have problems articulating their mathematical ideas then 
it follows that they will be less able to benefit from the gains that have been attributed 
to the use of assessment for learning. The literature on assessment for learning (Black 
et al 2003, Lee 2006) indicates that increasing pupil involvement in the whole process 
of learning increases motivation and success. The more pupils articulate their ideas in 
the classroom the more involved they are in the learning process.  
Research questions 
We consider that there are two questions for research in this area: 
1.  What teaching approaches in the classroom most effectively enable pupils to 
improve articulation of their mathematical thinking and ideas? 
2.  What difference does improved articulation of mathematical ideas and concepts 
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•  pupils, including their self-concept and attitude to mathematics? 
•  the nature of the mathematics that is learned? 
•  standards that pupils are able to attain? 
Does articulation matter when learning mathematics? 
As we said at the start, we think articulation does matter when learning mathematics 
but we also think that we do not know everything about how and why. It seems likely 
that the benefits in learning seen by Mercer and Alexander based on the theories of 
Vygotsky (1981) can be accrued in mathematics classrooms. However, we need a 
focus on the translation and transformation of the methods inspired by such writers 
for use in secondary mathematics classrooms in order to allow pupils to benefit from 
an enhanced ability to use mathematical language in expressing their ideas and to 
learn mathematics. 
We feel that increasing the articulation that pupils are required to undertake in 
mathematics will increase their ‘mathematical resilience’ and therefore their ability to 
engage as life-long users of mathematical skills, thinking and reasoning. However, we 
also  know  that  teachers  have  known  about  the  socio-cultural  aspects  of  learning 
mathematics  for  many  years  (Lerman  2001)  and  yet  Ofsted  (2008)  found  the 
mathematics classroom a place that concentrates on the acquisition of skills, solution 
of routine exercises and preparation for tests and examinations. Teachers respond to a 
vision of how practice can be different, if it is developed with teachers and takes 
account of the constraints and affordances of real classrooms, in real schools. 
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One  of  the  aims  of  the  Researching  Effective  CPD  in  Mathematics 
Education  (RECME)  project  is  to  investigate  factors  contributing  to 
‘effective’ CPD. This paper is concerned with understanding the idea of 
‘effective’  in  relation  to  CPD  for  teachers  of  mathematics.  It  draws  
mainly on questionnaire data from 82 teachers who said their CPD was 
effective, exploring the responses teachers gave when asked to explain 
why their CPD  was effective. Interview data provides further detail. 
Introduction and theoretical framing 
This  paper  reports  on  preliminary  results  from the  Researching  Effective  CPD  in 
Mathematics  Education  (RECME)  project,  which  aims,  amongst  other  things,  to 
investigate  factors  contributing  to  ‘effective’  CPD.  The  starting  point  for  this 
investigation is to establish what we mean by effective. 
One approach to understanding ‘effective’ in relation to CPD is to suggest 
characteristics of CPD initiatives that seem to lead to teacher learning. For example, 
Joubert and Sutherland (2008), in a review of the literature, drew out the following 
characteristics of ‘effective’ CPD: 
•  both institutions and teachers are committed to the enterprise 
•  the CPD initiative encourages purposeful networking amongst teachers 
•  the CPD is grounded in classroom practice and based on sound educational 
practice, building on what teachers already know, taking into account the 
voice of the teacher and avoiding adopting a 'deficit model' of teacher 
knowledge and practice. The programme is explicit about ‘what change counts 
as improvement’. 
•  the focus of the CPD is on ‘mathematics for teaching’ 
•  the CPD centres around activities that reveal aspects of 1) teachers’ 
awareness, beliefs, and knowledge 2) teachers’ practice and 3) students’ 
learning and supports the development and evaluation of classroom-based 
activities. 
•  the CPD supports reflection and inquiry by teachers on both their own 
learning and their own classroom practice 
•  the CPD supports the development and evaluation of classroom-based 
activities. 
Other literature ‘evaluates’ CPD in terms of ‘outcomes’. Guskey, (2000) for example, 
developed a hierarchical five-level model of evaluation:  
1.  participants’ reactions to CPD events  
2.  participants’ learning 
3.  organisational change 
4.  participants’ use of new knowledge and skills (changes in classroom practice) 
5.  student learning.  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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Guskey (2002) argues that, although student learning is ‘farthest away’ from the CPD, 
it is the most important level to consider and should provide the starting point for 
those developing CPD.   
  Garet et al (2001), in a study of over a thousand teachers taking part in a wide 
variety of initiatives of professional development, asked teachers to report on their 
own  experiences  and  behaviours  related  to  the  professional  development  activity. 
They were also asked to report on changes in their knowledge and skills and changes 
in their teaching practice. An analysis of the responses led to the development of a 
model of the statistical relationships between the characteristics of CPD and teacher 
learning and changes in classroom practice. 
  It seems to us, however, that the teacher voice is not heard clearly enough in 
these  sorts  of  studies;  the  question  for  us  is  what  counts  as  ‘effective’  from  the 
perspective of the teachers? What do they choose to tell us when we ask them what 
makes their CPD effective? We take this approach because RECME has, from the 
start, been interested not only in the ‘big picture’ of the CPD landscape, but also in 
the views of the teachers taking part in the CPD.  
Methods 
RECME investigated thirty initiatives of professional development for teachers of 
mathematics across all educational sectors (apart from higher education). The full 
data set included an online questionnaire, which was completed by 92 teachers. It also 
included  interviews  with  51  teachers.  This  paper  draws  on  data  from  the 
questionnaires and teacher interviews to explore teachers’ notions of ‘effective’ CPD. 
In the questionnaire teachers were asked if they thought the CPD initiative in 
which they were currently involved was effective and were given a choice of three 
responses: yes, no and partly. Of the 92 respondents, 82 responded in the affirmative 
and nine said it was partly effective, providing reasons ranging from ‘I don’t feel 
ready  to  make  the  judgement’  to  comments  that  the  content  covered  was  too 
advanced. The one who said ‘no’ provided commented that they were unclear about 
what is meant by CPD. 
Here our concern is with those who said their CPD was effective; a follow-up 
open question asked them to explain why it was effective. An initial trawl through 
these  responses  revealed  that,  to  a  large  extent,  they  fitted  with  the  first  four  of 
Guskey’s five levels (above). However, there were no direct comments related to 
improved student learning (the fifth level) as an explanation for the effectiveness of 
teachers’  CPD  (although  we  suggest  that  improved  student  learning  is  implied  in 
comments  about  teacher  change,  and  its  importance  to  teachers  is  evident  in 
interviews and classroom observations).  
We  used  the  four  levels  to  frame  the  analysis  in  this  paper;  participants’ 
reactions, participants’ learning, organisational change and participants’ use of new 
knowledge and skills. The questionnaire data was supplemented with interview data 
to provide rich detail and explanatory examples.  
Emerging findings 
Level 1: Participants’ reactions 
The responses in this section fall into a number of areas: how practical and relevant 
the CPD is, how stimulating and enjoyable the CPD is, leadership of the CPD and the 
value of networking and sharing.  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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Teachers reported that they valued practical experiences, which were relevant 
to classroom practice. They suggested that the  CPD was effective because it was 
‘practical and involved hands on explanations’, ‘very practical and topic based’, ‘very 
practical and informative’. One teacher stated that: 
I  am  greedy  for  knowledge  if  it  helps  in  the  classroom  and  this  CPD  was 
classroom based. 
A  second  set  of  comments  about  why  teachers  thought  their  CPD  was 
effective  relates  to  stimulation  and  enjoyment.  Comments  ranged  from  ‘fun’  and 
‘exciting’ to ‘stimulating’ and ‘challenging’. One teacher explained why she thought 
the CPD was ‘fun’: 
Fun … enjoyable, entertaining, thought provoking. I like the mechanics behind a 
lesson, I love seeing some bits that go together.  It makes me think, seeing what 
underpins other bits in a lesson plan.  I like the working with the other people 
aspect of this CPD, and I do not feel threatened by this way of working together, 
of sharing practice.  … This is what I call ‘fun’: the thinking of how you can 
make it work, the fitting things together. 
Another teacher commented that ‘It has been very interesting to work with a 
different  group  of  mathematics  teachers’  and  another  suggested  that  ‘the  actual 
preparing of the lesson for the project is also interesting seeing how it evolves and 
develops.’ 
Teachers  also  reported  that  they  found  CPD  effective  because  they  were 
intellectually challenged by it. One teacher said that ‘Other recent CPD has not really 
challenged my thinking, this one does’. Other teachers said they thought the CPD was 
effective because it was stimulating. One teacher said that sometimes she doesn’t 
understand the mathematics covered in the CPD but she enjoys this challenge, as it 
makes her develop her own A Level Mathematics skills at home.  ‘I am interested in 
maths at all levels; even though I don’t teach at that level; I am still keen to learn.’ 
In some cases, responses from teachers involved in courses ‘led’ by teacher-
educators suggested that the ‘leadership’ of the course was what made it effective. 
The source of the majority of my CPD is planned and overseen and delivered by 
professionals with a wide knowledge and current practice experience. 
Other teachers reported that their CPD was effective because, for example, it 
had a ‘good’ or ‘brilliant’ leader, and others pointed out the importance of the leader. 
One teacher, when interviewed, explained that she benefited so much from the course 
because the two main leaders complemented each other so well. She explained that 
one of them supported her well because she understood ‘what it is like trying to fit in 
study with a full time job’ and the other ‘providing a safe environment where we can 
say what difficulties we have with maths. It’s important because we are adults and 
teachers and we are supposed to know the maths. He doesn’t make me feel silly when 
I ask questions’. 
Many teachers reported that they thought the CPD was effective because it 
provided them with opportunities to meet with, and talk to, other teachers. They also 
suggested  that  the  informal  learning  opportunities  provided  by  incidental 
conversations were important, as Figure 1 below demonstrates.  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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Figure 1 
 
It  is  perhaps  important  to  understand  what  it  is  about  these  incidental 
conversations that is valuable to teachers. Our data suggests that, for many teachers, 
there is value in sharing the day-to-day concerns of their professional lives.  One 
teacher,  for  example,  remarked  that  ‘It  is  effective  because  we  are  all  practising 
teachers who are coming together to talk about real dilemmas we are faced with and 
to come up with ways of solving these together.’ Another teacher, from a primary 
school, reported that she benefits from ‘brain storming with other teachers, teaching 
the same year’. This may be important; in many primary schools there is only one 
teacher per year group and it seems that this teacher valued the opportunity to discuss 
issues related to this year group with another teacher in the same situation. There were 
similar comments from teachers in FE who mentioned the importance of meeting up 
with other numeracy teachers to ‘discuss the issues raised in delivering numeracy’.  
Level 2: Participants’ learning 
Changes in knowledge and beliefs 
This  subsection  includes  teacher  learning  in  terms  of    ‘informational  outcomes’ 
(Harland & Kinder, 1997), changes in awareness and gaining new knowledge and 
skills. 
Some  teachers  said  their  CPD  was  effective  because  they  had  been  given 
information that they had not previously been aware of. For example: 
Through  attending  this  I  have  found  out  about  and  hope  to  do  my  Level  5 
Numeracy Diploma later this year. 
The  course  has  greatly  developed  my  understanding  of  the  new  mathematics 
framework 
The teachers reported the effectiveness of their CPD in terms of their altered 
awareness of the processes of teaching and learning mathematics. Once again, some 
of their comments were fairly general: 
Inspires you to think about the way you teach mathematics 
It makes me question what I am doing 
Other comments were much more  specific and  suggest ways in which the 
activities of the CPD in which they are involved had raised their awareness of their 
own practice. 
Lesson  study  is  fascinating  -  a  very  rich  source  of  material  for  reflection  - 
immediately and longer-term, from the minutiae of teaching to the big picture of 
whole-school teaching and learning - and everything in-between. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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It's  like  a  zoom  lens  that  is  based  around  everyday  practice  and  involves 
observations and recording that I would do in any case. It has stimulated my own 
thoughts re practice. 
Looking at one particular aspect of algebra in detail has also made us reconsider 
the way in which we tackle related techniques. 
Many teachers related the effectiveness of their CPD to the knowledge and 
skills that they felt they had gained. 
Sometimes  they  commented  in  general  terms  referring  to  ‘extending’  or 
‘topping up’ knowledge and ‘learning a lot’. However many were much more specific 
saying, for example, ‘learning new technology’ and ‘it has taught me a lot about how 
to question children’. These more specific comments included some about learning 
about mathematics, learning about teaching mathematics and learning about students’ 
and children’s understanding of mathematics. 
Changes in attitudes 
Teachers reported that their CPD was effective because it had given them confidence. 
Some comments related to confidence to try out new things. For example, one teacher 
said  that  ‘it  has  built  my  confidence  in  using  handheld  technology  within  the 
classroom’ and another that she felt confident to try out new things. Other teachers 
said that they had become more confident with mathematics and others talked more 
generally about confidence: 
I am getting more confident to voice my passion about maths – being part of the 
network has made me fight harder. 
Some teachers related the effectiveness of their CPD to motivation, feeling inspired, 
challenged and refreshed, with comments such as  
Re-motivates you 
I enjoy teaching mathematics anyway so I have found this course refreshing. 
Level 3: Organisational change 
There  were  a  few  comments  explaining  the  effectiveness  of  CPD  in  terms  of 
departmental and school change. However, there were not many of these because, we 
suggest,  organisational  change  was  not  an  aim  of  the  majority  of  the  initiatives. 
However, there were teachers who reported that their CPD was effective, for example, 
because it ‘motivated my department into using new and innovative methods in their 
teaching’ or because ‘we're already seeing whole-school improvements as a result’.  
Level 4: Participants’ use of new knowledge and skills (changes in practice) 
Some teachers explained that their CPD was effective in terms of changes in practice:  
•  changes in teaching strategies and techniques that had already taken place and  
•  more short term changes in practice that involved trying things out (with no 
indication as to whether the trying out leads to longer term changes in 
practice).  
The teachers described changes in classroom practice on a general level. For example, 
one teacher said that ‘I have been able to use the knowledge to improve my teaching’.  
A large number of teachers referred to changes in teaching techniques mentioning that 
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It changed my teaching styles dramatically and helped me to develop new skills. 
Some  were  more  specific,  describing  more  flexible  approaches,  such  as 
putting the learner at the centre or letting go of control: 
I have learnt to let go of control and to let all the students have a voice. I never 
used to, but now I let the students come up to the board and make contributions. 
A number of respondents reported that the CPD was effective because they 
had experimented or tried out new ideas in the classroom.  
I always go back to work with a new idea to try with my learners that I have got 
from either the facilitators of the meetings or other colleagues. 
With some courses it is easy to put the papers on the shelf and then not get around 
to trying things out but with this one there were so many practical ideas that you 
could try out. 
Helping me to use IWB in a useful way within a new teaching style 
Trialling resources in the classroom. 
Concluding comments 
This paper has taken the voice of the teacher to develop an understanding of what 
‘effective’ CPD means for teachers of mathematics in terms of their reactions to the 
CPD events they attend, their learning, departmental and school change and teachers’ 
changes in practice. The range of different kinds of responses demonstrates a wide 
range of interpretations of the word ‘effective’ in relation to CPD  and suggests that, 
in addressing questions about what is effective, we need to adopt a multi-layered 
approach.   
The paper set out to investigate  what the teachers used as explanations of 
effectiveness  taken  from  the  questionnaire  responses  and  teacher  interviews..  We 
have achieved that, but would like to signal once again the issue of student learning, 
which is crucially important in any consideration of what teachers see as effective as 
pointed out by Joubert and Sutherland (2008) in their review of the research literature. 
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The aims of and responses to a history of mathematics videoconferencing project 
for schools 
Ella Kaye, University of Cambridge  
Researchers have long suggested a number of benefits to the integration of 
a  historical  dimension  into  mathematics  education,  yet  there  is  little 
research  into  the  effectiveness  of  such  an  approach.    In  this  paper,  I 
explore  some  of  the  issues  at  stake  through  a  case  study  of  a 
videoconferencing project on Babylonian mathematics.   
History of mathematics, videoconferencing 
 
Introduction 
Mathematics has a long, rich history of which teachers and students are often 
unaware.  As a result, they fail to appreciate that mathematics is constantly 
developing, a human endeavour and a subject that has varied in different times and 
cultures (Tzanakis & Arcavi 2000).  For decades, researchers have suggested a 
number of benefits to the integration of the history of mathematics into mathematics 
education (Fauvel 1991).  It is thought that an understanding of the history of 
mathematics and the context in which problems arose can lead to greater 
understanding of the content and nature of mathematics (Byers 1982, Furinghetti 
1997).  It is also believed that the history of the subject can humanise mathematics 
and thus be motivating to students who conceive of mathematics as ‘dead’, ‘boring’ 
or too abstract (Bidwell 1993).  At present, however, there is very little empirical 
research into the effectiveness of the integration of history of mathematics into 
mathematics education.  In particular, there is nothing that considers students’ 
responses to the history of mathematics in their own words.  This paper provides a 
modest contribution in that direction. 
The case study 
Barbin (2000) suggests that an appreciation of the effectiveness of a historical 
dimension in mathematics education will come through an analysis of case studies, 
using the observation of participants and interviews with teachers and students.  It is 
such a study that I undertook for my MPhil thesis project.  Specifically, this paper 
reports on a case study of a mathematics enrichment videoconferencing project 
through which students and teachers at four schools were introduced to Babylonian 
mathematics.  The students were all around 10 years old.  It was organised by 
Motivate (http://motivate.maths.org) and followed their standard format, namely two 
videoconferences, a month apart, with project work in-between.  Hereafter, I shall use 
‘the Project’ to refer to the case.  The sessions were led by Eleanor Robson, an expert 
Assyriologist.  During the first videoconference (VC1), Eleanor provided some 
historical, geographical and archeological background to the Babylonians.  She then 
gave the schools a few activities involving Babylonian shapes and followed this by an 
introduction to the Babylonian numeral system, specifically the cuneiform notation 
and the fact they used base 60.  The students then had a month to complete project Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
From Informal Proceedings 28-3 (BSRLM) available at bsrlm.org.uk © the author - 67 
work, for which Eleanor had given suggestions, although the choice rested with the 
schools.  In the second videoconference (VC2), the students presented their work, 
received feedback from Eleanor and answered questions from the other schools.   
Research questions and methodology 
My research questions were developed both with an eye to the literature and with an 
appreciation of the specifics of the Project: 
1.  What are the aims and objectives of the organisers and teachers?  Are these met? 
2.  How did the students respond to the topic and the ideas presented? 
3.  How did the nature of the Project support the learning of Babylonian 
mathematics? 
 
The research was carried out in two stages.  Pre-VC1, I interviewed the organisers of 
the Project (including Eleanor) and the teachers.  Post-VC2, I interviewed Eleanor 
and the teachers again, as well as a group of three students from each school.   
Results 
Aims and objectives for the students 
Barbin (2000) makes clear that any attempt to determine the effectiveness of the use 
of a historical dimension in the mathematics classroom must take into account the 
teacher’s objectives.  Thus, before considering the student responses to the material, it 
is important to be clear on what both Eleanor and the teachers hoped the students 
would gain from their participation in the project.  In this case, consideration of 
objectives is particularly interesting because there was the potential for conflict 
between Eleanor’s aims and those of the teachers.  An example of conflicting aims 
will be discussed below.  
For Eleanor, it was not important that the students should necessarily retain 
the content of the conference; rather, she hoped that they would, to use her own 
language during our interview, be able to ‘absorb’ the subtle ‘messages’ that 
underlined her presentation.  The key idea was to engage the students in thinking 
about the nature of mathematics.  In particular, she hoped that through discussion of 
the Babylonians, they would come to see that different societies and groups of people 
have different ways of thinking and talking about mathematics and that mathematics 
is a human endeavour.  The activities featuring Babylonian shapes were designed to 
enable students to think about technical terminology, to challenge the notion of what a 
mathematical object is, to see that mathematics is a creative discipline and to realise 
that they can make their own mathematics.  It is worth noting that the messages that 
Eleanor was hoping to convey are consistent with the literature on the benefits of 
incorporating a historical dimension into mathematics education (Fauvel and Van 
Maanen 2000).  As well as hoping that at least some of the students absorbed some of 
these messages, Eleanor hoped more generally that all the students Would enjoy their 
participation in the Project and as a result would feel that mathematics can be 
exciting, inspiring and fun. 
By contrast, the teachers did not have any clearly defined ideas about their 
objectives, especially relating to the topic of the conference. They had signed up to 
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mathematics but because of their previous positive experience of Motivate, their 
ensuing belief in the benefits of this type of videoconferencing, and their desire to 
provide some kind of enrichment for their students.  Broadly speaking, they hoped 
their students would enjoy it and that they should be inspired and stimulated.  In 
contrast to Eleanor, for two of the three teachers, it was important that the students 
should gain content knowledge.           
Student responses to the conference 
Number 
As a result of using clay tablets to practice writing cuneiform notation, the students 
identified a new-found appreciation of our own numeral system.  As one group put it: 
Ed: to write fifty-nine you had to write like loads of stuff – 
Annie: - instead of just writing 5 and 9, you write the symbols –  
Ed: - yeah, you get like C C C C C, Y Y Y, Y Y Y, Y Y Y, instead of just doing 
59. 
The difficulty of writing Babylonian numerals was identified by all the students, 
although in some cases was related to the tedium of transcribing the symbols on paper 
(as instructed by their teacher and completely in contrast to what Eleanor would have 
had them do) rather than any inherent understanding of the relative efficiency of a 
base 60 system compared to a base 10 one.  The students who did understand base 60 
and the importance of place value were those who worked on it for their 
presentations, whilst those who had worked on shape had little to say on these topics.  
This goes to show the value of project work in reinforcing the topic of the conference 
and highlights the role of the teacher in picking the topic work and deciding what 
should be reinforced.   
Shape 
Although the students all seemed very excited by the shape activities during the 
videoconferences, they all talked about number before shape during the interview 
(despite the fact the Eleanor had prioritised the shape work during her presentations).  
This is possibly because I asked them to talk about Babylonian mathematics.  They 
may not have seen the activities done with shape as being part of mathematics at all.  
For example, when asked how Babylonian mathematics was different to our own, 
they all talked about numbers but none mentioned the extensive discussion during the 
VCs that the Babylonians also had different shapes 
That said, a number of students did later remark on the 
‘strangeness’ of Babylonian shape names.  The ‘cow’s nose’ 
seems to have made a particular impression (see Figure 1) – the 
students thought it odd that the Babylonians should have taken 
names for shapes from their environment and culture.  
Consideration of the cow’s nose led to the following discussion: 
Ed: [pointing to a picture of a cow’s nose] I would call that a square. 
Researcher: Why would you call that a square? 
Ed: Because it’s like four-sided and all the sides are the same length. 
Josh: They’re all equal. 
There is no doubt that Ed and Josh know what a square is.  However, in the context of 
thinking about Babylonian shapes, in which he had previously learnt that triangles 
were allowed to have curved sides, it does not seem to great a leap to see this shape as 
Figure 1: A cow's 
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a square.  One of Eleanor’s aims in introducing Babylonian shapes was, in a very 
subtle way, to challenge the notion of what a mathematical object is and to show that 
people decide as what counts as a shape.  The above snippet suggests that to some 
extent, that is what Ed and Josh were doing. 
Development and Diversity of Mathematics 
As well as engaging directly with number and shape, Eleanor also hoped the Project 
would give students an opportunity to reflect on the nature of mathematics and 
history.  There was plenty of interview evidence that the students had done just that: 
I thought that maths was just maths and was like all the same numbers.  But when 
I did this conferencing, I realised that it’s lots of types of maths and how we do 
things.  (Harry, City Hill School) 
Here, Harry has picked up on the key idea of Eleanor’s presentation.  One issue at 
stake in the incorporation of the history of mathematics into mathematics education is 
whether to view mathematics as a timeless set of value-free truths, or as a subject that 
develops through human endeavour within social contexts (Fauvel 1991).  Harry’s 
idea that “maths was just maths” suggests the former view, whilst now realising that 
there are “lots of types of maths” marks a shift to the latter.  Some students went 
beyond  simply  noticing  differences  between  then  and  now  to  positing  a  sense  of 
continuity in the development of mathematics: 
If they [the Babylonians] didn’t do maths, then we probably wouldn’t do maths 
now, unless someone else invented it.  [Beatrice, City Hill School] 
At  no  point  during  the  videoconferences  was  the  development  of  mathematics 
discussed, so Beatrice’s comment is indicative a relatively young children being able 
to engage with the idea of the historical development of mathematics, without much 
prompting. 
  The following comment may reveal an even deeper insight: 
They  could  go  back  to  using  Babylonian  numbers,  but  probably  not  in  our 
generation or the generation afterwards.  [Ed, Village School] 
In one sense, Ed is mistaken; the likelihood of Babylonian numbers coming back into 
use is negligible.  But, moving past that, Ed seems to be showing an awareness at 
least of the possibility that the way we do mathematics might change in the future.  
Beatrice, on the other hand, only suggest the development of mathematics from the 
past to now, without explicitly showing a further understanding that the subject might 
continue to grow.  Ed and Beatrice's comments show that exposure to the history of 
mathematics can indeed show that mathematics is not a finalised body of knowledge, 
as is claimed by Bidwell (1993).  The use of the word “they” in Ed's comment is also 
interesting.  Though not clear to whom “they” actually refers, it might suggest 
awareness on some level of the fact that mathematics is a cultural endeavour, in 
particular that people or cultures make decisions about what numbers we use. 
Conflicting aims 
As mentioned above, the nature of the Project makes it possible for there to be 
conflicting aims between the expert presenter and the school teachers.  The following 
example is illustrative of this.  During a post-VC2 interview with a group of students, 
one said, “I think we have the same divide and take away signs, but just different 
signs for, like, number.”  The student is mistaken – the Babylonians had entirely 
different signs for these operations.  It is only when one considers the exercise her Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
From Informal Proceedings 28-3 (BSRLM) available at bsrlm.org.uk © the author - 70 
teacher set for her project work that one can see how the misconception arose (see 
Figure 2) 
One may ask ‘why does this matter?’  The answer 
depends on one’s aims.  If, as seems to have been the 
case, the teacher simply wanted to give the students 
the chance to familiarise themselves with Babylonian 
numerals by placing them in a recognisable context, 
then this level of historical accuracy is not an issue.  
However, this is entirely incompatible with Eleanor’s 
aim of showing how mathematics was different in 
different societies and periods.  In this case, such 
anachronistic use of these operation symbols is 
extremely problematic.  This episode is suggestive of 
just how difficult it can be to incorporate history of 
mathematics into a culture of school mathematics 
with different sets of values and expectations.  
Considerations due to the nature of the Project 
The focus so far has been on the topic of the conference – Babylonian mathematics – 
and in particular the way the students responded to it.  However, this cannot be 
separated from the way the material was presented.  Interviews with the teachers and 
students revealed six ways in which the nature of the Project affected their grasp of 
the topic.   
Firstly, the fact that it was a Motivate videoconference meant that the teachers 
and students were exposed to the topic when otherwise they probably would not have 
been.  Secondly, the students were unanimously excited to have taken part, a feeling 
that arose at first from the novelty factor of videoconferencing and later extended to 
excitement about the knowledge they were obtaining.  Thirdly, the videoconference 
provided an opportunity different than their usual classroom experience.  As one 
student put it, “it makes it more interesting and it makes you want to learn about it”.  
Fourthly, a valuable opportunity provided by this form of videoconferencing is that it 
provides the students with direct access to an expert.  Eleanor’s vast knowledge, plus 
the prestige of her attachment to the University of Cambridge, meant both the 
students and teachers took the information they were presented with seriously.  
Fifthly, the videoconferencing provided an opportunity for students from different 
schools to interact, an aspect of the Project that the students identified as being 
particularly enjoyable.  Moreover, the students were able to learn from their peers in 
other schools.  Finally, the project-work that the students completed allowed them to 
engage with the material more deeply than they would have done simply by taking 
part in the conference.  The pressure to good give presentations in front of their peers 
and Eleanor meant that the students really did strive to understand the topic. 
Discussion 
Having discussed Eleanor and the teachers’ aims as well as the student responses, I 
shall now consider the extent to which there was a correspondence between them. 
  As for the general aims, there is no doubt that the students unanimously 
enjoyed their participation in the Project, although it remains to be seen if and how it 
alters their feelings towards mathematics more generally.  As mentioned above, 
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remembering the content was deemed important by two of the teachers, but not by the 
third or Eleanor. As it happens, the student grasp on the actual content of the 
conference was shaky.  In many cases, within two days of the Project the students had 
forgotten or misremembered a number of facts and episodes from the conference. 
On the plus side, the students did have the opportunity to develop their understanding 
of number systems and they were all able to compare the two systems.  However, it is 
too great a leap to claim that it really did deepen their understanding of number 
systems more generally. 
  The majority of students interviewed were able to appreciate, as a result of 
their participation in the Project, that mathematics has developed over millennia and 
that there are culturally different but equally valid ways of doing mathematics.  
Moreover, by engaging with the lives of Babylonians, they were able to appreciate a 
human element to mathematics.  The activities with  shape allowed students to think 
about technical terminology, although there is little evidence (apart from Ed’s 
comments discussed earlier) that students came to see mathematics as a creative 
discipline or appreciated that they could make their own mathematics.   
Conclusion 
Eleanor and the teachers all deemed the Project to be effective, in as much as it met 
their immediate aims.  However, it is too early to tell the long-term impact and a 
number of its effects will be impossible to measure.  One encouraging result is that 
the benefits suggested in the literature for the incorporation of the history of 
mathematics into the classroom can indeed be realised and that ten year-old children 
are capable of articulating those benefits.  However, it is difficult to make any 
generalisations or recommendations about incorporating the history of mathematics 
into the classroom because of the particular nature of the Project, particularly the fact 
that it was delivered by an expert over a videoconference.  
References 
Barbin, E. 2000. The historical dimension: from teacher to learner.  In History in 
mathematical education: the ICMI study, ed. J. Fauvel and J. Van Maanen, 66-
70.  Dordrecht: Kluwer Academic Publishers. 
Bidwell, J. K. 1993.  Humanise your classroom with the history of mathematics.  
Mathematics Teacher 86: 461-466. 
Byers, V. 1982. Why study the history of mathematics? International Journal of 
Mathematical Education in Science and Technology 13: 59-66. 
Fauvel, J. 1991. Using history in mathematics education. For the Learning of 
Mathematics 11(2):3-6. 
Fauvel, J. and Van Maanen, J., eds.  2000. History in mathematics education: the ICMI 
study.  Dordrecht: Kluwer Academic Publishers. 
Furinghetti, F. 1997. History of mathematics, mathematics education, school practice: 
case studies linking different domains. For the Learning of Mathematics 
17(1):55-61. 
Tzanakis, C and Arcavi, A. 2000. Integrating history of mathematics in the classroom: an 
analytic survey.  In History in mathematical education: the ICMI study, ed. J. 
Fauvel and J. Van Maanen, 66-70.  Dordrecht: Kluwer Academic Publishers.  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
From Informal Proceedings 28-3 (BSRLM) available at bsrlm.org.uk © the author - 72 
The functions and effects of real world contextual framing in A/AS pure 
mathematics questions: developing an evaluative framework 
Chris Little (ctl@soton.ac.uk)  
School of Education, University of Southampton, Southampton, UK. 
This paper reports on ongoing research into real world contextual framing 
(RWCF) in A/AS mathematics. After a review of research into real world 
contexts  in  mathematics,  it  discusses  its  possible  effects,  for  example 
applicability,  motivation,  teaching  modelling  skills,  and  providing  a 
mental  scaffolding  for  mathematical  concepts.  The  paper  proposes  a 
framework  for  evaluating  RWCF,  based  on  the  notions  accessibility, 
realism and authenticity, and presents some preliminary findings of an 
analysis  using  this  framework  on  a  sample  of  RWCF  in  A/AS  pure 
mathematics questions. 
Keywords: Assessment, post-16 mathematics, real world context, modelling 
1  What is real world contextual framing? 
Consider these two AS level mathematics questions. 
 
An arithmetic progression has first term 7 and common difference 3. 
(i)  Which term of the progression equals 73? 
(ii)  Find the sum of the first 30 terms of the progression. 
 
Fig. 1 
 
Chris saves money regularly each week. In the first week, he saves £7. Each week 
after that, he saves £3 more than the previous week. 
(i)  In which week does he save £73? 
(ii)  Find his total savings after 30 weeks. 
 
Fig. 2 
 
Each question has the same mathematical solution. In the first version, the 
language  used  may  be  identified  as  from  the  mathematics  register  (Pimm,  1987), 
whereas in the second version it utilises an everyday context of money and saving. 
The same mathematical questions are framed in terms of a narrative involving ‘Chris’, 
‘saves’, ‘weeks’.  We can therefore identify a ‘real world’ context, namely finance 
and  savings,  which  is  used  to  frame  the  same  mathematical  question.  This  is  an 
example of what might be termed real world contextual framing (RWCF).  
The use of the phrase ‘real world’ here presupposes a distinction can be made 
between this and a ‘mathematical world’. The ‘reality’ of mathematical concepts is an 
epistemological problem which is beyond the scope of this paper to consider. It will 
suffice, in determining a meaning for the term ‘real world contextual framing’, to be 
able to classify questions according to whether it is present or absent. 
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A spiral is formed with sides of lengths 7 cm, 10 cm, 13 cm, …  
which are in arithmetic progression. 
(i)  How many sides does the spiral have if its longest side   
       is 73 cm? 
(ii)  Find the total length of the spiral with 30 sides. 
 
 
 
Fig. 3 
 
Here, the mathematical content (arithmetic progressions) is expressed through 
a secondary context, that of spirals. Is this a ‘real world’ context? In a sense, the term 
‘spiral’ may be defined as a geometrical (and therefore mathematical) object, similar 
to ‘circle’, ‘square’, ‘straight line’, etc. On the other hand, the context suggests a 
spatial ‘realisation’ of the algebraic concept (arithmetic progression). The narrative of 
the  question  is  detached  from  the  primary  mathematical  content,  and  requires  a 
process of transfer from one context to another. For this reason, we classify ‘pattern’ 
contexts like this one as ‘real world’ contexts.  
2. Real world contextual framing in UK public examinations 
Real world contextual framing appears to have become a common feature of 
public  examinations  in  mathematics  in  the  UK.  It  is  commonly  used  in  GCSE 
questions, as well as in English and Welsh national tests at Key Stage 2 and 3. In 
A/AS  applied  mathematics  questions  in  mechanics,  statistics  and  decision 
mathematics,  we  would  expect  real  world  contextual  modelling  to  be  an  intrinsic 
characteristic of questions. After all, how can we test applications of mathematics 
without reference to a context outside of the realm of pure mathematics?  
However,  the  degree  to  which  RWCF  is  used  in  A/AS  pure  mathematics 
papers varies considerably from specification to specification. In an analysis of 44 
recent pure mathematics papers for the two current OCR A/AS specifications, 5.2% 
of the marks for syllabus A, as opposed 31.5% of marks for syllabus B (MEI) were 
allocated to questions which involved some degree of RWCF.  
The historical roots of RWCF in our public examinations seem to date from 
the ‘modern mathematics’ movement of the 1960s, and the influence of projects such 
as the School Mathematics Project (SMP) and the Mathematics for Education and 
Industry Project (MEI). The growth from the 1960s in applications of mathematics 
such as  statistics, decision mathematics and numerical methods, together with the 
development of computers and calculators, led to an increased demand for A-level 
mathematicians  to  acquire  applied  mathematical  skills  such  as  mathematical 
modelling, and this in turn has created A-level syllabuses which place an emphasis on 
real  world  application.  Thus  the  current  Qualifications  and  Curriculum  Authority 
criteria for A/AS Mathematics include assessment objectives to recall, select and use 
standard  mathematical  models  to  represent  situations  in  the  real  world,  and 
comprehend translations of common realistic contexts into mathematics.  However, 
the extent to which RWCF, as illustrated in Figures 1, 2 and 3, effectively meet the 
requirements of these assessment objectives is open to question.  
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3. Research on real world context in mathematics questions 
What does existing research tell us about the function and effect of using real 
world  context  in  mathematics  problems?  Two  alternative,  and  somewhat 
contradictory, perspectives can be drawn from this. On the one hand, some research 
(Clausen-May, 2005, Vappula and Clausen-May, 2006, Nickson and Green, 1996)   
proposes that real world contexts can provide the solver with ‘models to think with’, 
or ‘mental scaffolding’. On the other hand, there is a substantial body of research on 
‘word  problems’  (Verschaffel,  L,  1994,  Verschaffel  L.  et  al,  1997,  Silver,  1993, 
Greer,  1997)  ,  which  catalogues  young  children’s  inability  to  apply  realistic 
considerations  to  mathematics  questions  framed  in  real  world  contexts.  Others 
(Boaler, 1993, Boaler, 1994, Wiliam, 1997) have criticised real world contexts on the 
grounds of artificiality. Cooper and Dunne (2000), in a major study, found that real 
world contexts are differentially misinterpreted by children of different social classes. 
Research on its use on public examinations (Ahmed and Pollitt, 2007, Ahmed and 
Pollitt, 2000, Pollitt et al, 2000, Pollitt and Ahmed, 2001) suggests that real world 
contexts can threaten the validity of questions by introducing a construct-irrelevant 
variance (Wiliam, 2007).  
Thus, it is clear that the framing of questions in real world contexts is not 
entirely uncontroversial. Most of this research has been directed at tasks in pre-16 
school mathematics, and its relevance to A-level mathematics questions is therefore 
open to question.  
4 The effects of RWCF in mathematics questions 
We now consider the potential effects of RWCF of mathematics questions. 
The research into context in pre-16 questions outlined above suggests the following 
hypotheses. On the one hand, adding real world context may increase the difficulty of 
questions, by adding to the complexity and demands on information processing and 
comprehensibility. It may lead to misinterpretation, and a lack of recognition of the 
appropriate  mathematical  methods.  On  the  other  hand,  RWCF  may  decrease  the 
difficulty of the questions, by providing the solver with mental scaffolding for the 
mathematical ideas. 
Real world context may motivate the task, by presenting the mathematics as a 
useful tool for solving real world problems through mathematical modelling. On the 
other hand, it may appear as artificial to solvers, by over-simplifying reality, making 
unjustified assumptions, and ‘camouflaging’ the mathematics. Analysis of RWCF in 
linear equation questions (Little, 2008) suggests that modelling has little utility other 
than in motivating general algebraic methods. 
In  an  ongoing  study,  these  hypotheses  are  being  researched  using  a 
questionnaire of student opinion, and a test in  which questions on  arithmetic and 
geometric sequences are offered in alternative versions, some deploying contextual 
framing, and some without.  
5 A model for evaluating RWCF in questions 
Little and Jones (2007) propose an initial model for evaluating the role of 
RWCF in A/AS questions.  Further analysis of questions has suggested refinements to 
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Accessibility of script, match and language 
a)  Is the script implied by the real world context universally held, commonly 
held or not commonly held? Is it familiar to students, or novel? 
b)  How close is the match between the structure provided by the real world task 
and the structure/concepts provided by the mathematical model?   
c)  Does the language used in the question make implicit or explicit the 
connection between the real world context and the mathematical model? What 
additional comprehension demands are made of candidates in explaining the 
real world context? How many words are used? Is there any specialist 
language used which requires definition or is less commonly understood? 
Realism of model 
Are the data generated by the mathematical model realistic? Are the assumptions 
made when applying the mathematical model to the real world context appropriate?  
Task Authenticity  
Does the task set pose questions which are valid, interesting and meaningful, 
not just in testing the mathematics, but in the real world context? Do they provide 
meaningful and useful insights within this extra-mathematical context, or are the tasks 
designed purely to test mathematical concepts and techniques?  
 
Fig. 8 shows how this evaluative tool may be applied to a sample AS level 
question. In ongoing research, a sample of A/AS pure questions have been analysed in 
this way, in order to clarify what function real world context serves in questions, and 
to  propose  criteria  for  evaluating  their  quality.  Some  preliminary  findings  are 
presented below. 
There is overwhelming evidence that questions with RWCF are more wordy, 
and therefore impose greater tests of comprehension. This might well have a bearing 
on their accessibility. 
The structure dictated by the context may present different levels of modelling 
complexity,  which  may  affect  accessibility.  In  the  case  where  the  match  is 
isomorphic,  the  transfer  from  context  to  mathematical  model  is  relatively 
straightforward. In other cases, the solver may be required to take account of, and 
discount,  features  in  the  context  when  mapping  the  context  to  the  mathematical 
model.  
Some contexts, for example radioactivity for exponential growth and decay, 
may be classified as natural in cases where extra-mathematical justification exists for 
modelling them with the mathematical content being tested, or synthetic, in cases 
where the context is chosen and manipulated to fit the mathematical content. 
Authentic contexts furnish questions with a sense of purpose which is absent 
from the pure mathematical questions. However, artificially constructed contexts may 
have a negative effect on the perceived utility value of mathematics to candidates. 
Some  of  the  contexts  used  may  contribute  to  the  understanding  of  the 
mathematics, by requiring students to think of the mathematical ideas in novel and 
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Real world context (script)  Mathematical model 
A leaning tree.  A triangle ACE with a line BD, B on AC and D on 
CE 
Angle which tree makes with vertical.  Angle AEC, calculated using trigonometry in the 
triangle ACE. 
1. 
Accessibility  
 
(a) Script  Easily recognisable context.  
(b) Match   Does the ‘tree’ have a uniquely defined angle with the ground? The ‘struts’ 
contribute little to the task set, except to complicate the diagram. 
(c) Language 
 
The ‘tree’ is a ‘McGuffin’ – providing an ‘excuse’ for solving the triangle.  
47 words, 5 marks, 9.4 words per mark. No difficult vocabulary. 
2. Realism 
 
The measurements are reasonable, although the position of ‘E’ is ill defined, 
and might not justify distances to the nearest 10 cm. 
3. Task 
Authenticity  
In practice, trigonometry would not be an appropriate method for estimating 
the angle of the tree, and there is not reason why we should want to calculate 
this information. 
Fig. 4 Evaluation of RWCF in a ‘tree’ question (source: OCR) 
 
It appears that the negative effects of context reported by some researchers 
who have questioned its validity and value need to be weighed carefully against some 
of the potential benefits proposed above. More research is clearly needed to ascertain 
whether evidence of some of these effects, derived from detailed analysis of a sample 
of  questions,  can  verified  through    students’  responses  and  attitudes  to  questions 
involving RWCF. 
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What constitutes a ‘hard’ question in GCSE Mathematics: A bit of thought is 
required 
Barbara Minards and Stephanie Prestage 
School of Education, University of Birmingham 
This paper is part of a larger project exploring the take-up of AS and A2 
mathematics in a selective grammar school but comprehensive sixth form 
in the West Midlands.  The sub-data presented here is from a survey of 
GSCE students asked for their reasons for doing or not doing mathematics 
in sixth form.  Surprisingly for the selective intake most of those who 
were not doing AS level offered the reason that it is too hard.  This then 
prompted an analysis (using Sierpinska, 1996) of the GCSE papers that 
these students were working towards and a questionnaire to AS students 
and teachers.  The results show that any question requiring more than a 
memory prompt is considered hard by students and teachers.  
Key words: GCSE, A-level; perception of difficulty; 
Introduction 
The research for this paper is a part of a larger PhD research project exploring 
take-up of AS and A2 Mathematics. The school is a selective grammar school in the 
West Midlands with a comprehensive sixth form intake.  The attainment at GCSE at 
the school is consistently 100% of a year group of 90 achieve five A*-C grades.  All 
the students take the Higher Tier Mathematics examination and of the cohort who 
completed the questionnaire, 88% gained a grade A* or A.  Virtually all the students 
stay on to study four AS levels and are joined by approximately 160 students from 
other local high schools.  Sixth form entry is currently 4 GCSE C grades with a Grade 
B from the Higher Tier to study Mathematics.  At present there are 110 students 
studying AS Mathematics, 10 doing Further Mathematics and 5 doing the AS over 
two years.   
The range of literature explored for this on-going research currently focuses 
on literature in the area of A-level take-up, in aspects of motivation and in models for 
understanding.  Brown et al (2008) investigated the take up of AS level and found that 
the main reasons why students did not choose to continue their study of mathematics 
were perceived difficulty, a lack of enjoyment in the subject along with a lack of 
usefulness.   My results are very similar to those of Brown despite the selective, high 
achieving cohort. 
Background 
In trying to understand perceptions of difficulty about the subject and consider 
how to determine the nature of ‘hard’ and ‘challenge’, the literature related to aspects 
of motivation was helpful. Dweck (2000) describes a helpless or mastery-oriented 
response to challenge and found that the nature of the goal held by a student strongly 
affected their response when faced with difficulty.  The choice of goals consisted of 
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feedback  on  attainment,  whereas  the  second  consists  of  aiming  to  increase 
competence.    These  goals  can  be  interpreted  in  the  context  of this  project  as  the 
performance goal of wanting to achieve a certain grade at AS-Level or a learning goal 
of improving knowledge and understanding of mathematics.   
The literature on models of understanding is large, including Skemp (1976), 
relational  and  instrumental  understanding,  Piaget  (1971)  knowledge  is  active 
incorporation  of  ‘reality’  into  personal  structures,  Bruner  (1966),  active  nature  of 
learning  and  three  modes  of  thought,  and  Pirie  &  Kieren  (1994)  understanding 
through a dynamic process and ‘don’t need’ boundaries.  The model I am currently 
using is from Sierpinska (1996) and in particular I used (and redefined) it to classify 
the nature of the demand level of questions in the GCSE papers taken by the students 
involved in the research.  
Sierpinska (1996) describes a model for understanding that involves four basic 
mental operations identification, discrimination, generalisation and synthesis. These 
four acts she considers to be progressive and yet dynamic, not fixed, and personal to 
the individual trying to understand.  The acts she also considers to not have a rigid 
hierarchy as they develop interactively. Identification she claims is made when an 
item  is  singled  out  and  recognised  as  an  object  to  be  understood.    I  used  this 
classification to apply to examination questions that explicitly stated which part of 
mathematics to apply; there would be no decision making required of the student. I 
also  applied  this  classification  to  questions  of  a  standard  nature;  the  mathematics 
required was easily recognised (the difficulty of the mathematics in the questions is 
not considered; it is the process of identifying the mathematics required to answer the 
questions that is the focus).   Figure 1 is an example of an identification question.   
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: An example of identification. Question 10 requires no decision making by the student 
 
Discrimination is described by Sierpinska as identifying differences between 
an object and others already understood. Questions in this category (e.g. figure 2) 
required the application of some mathematics not specifically mentioned, requiring 
students to make a decision about what mathematics to apply. 
 
 
 
 
 
 
 
 
 
 
Figure 2: An example of generalisation. Question 22 requires students to decide how to calculate the 
upper bound of a division calculation. 
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Generalisation is made when the object is seen as a particular case of another 
situation.  Questions of this type require a further level of decision-making; what 
mathematics is needed and how is it to be applied. The example below (figure 3) 
requires substitution of two sets of points into an equation and the recognition that the 
result is a particular case of simultaneous equations. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3: An example of generalisation. 
 
Finally, Sierpinska describes a fourth category, synthesis, as the search for a 
common link, finding similarities in generalisations and forming a complete picture 
from previously separate concepts.  I could not find any questions of this type on 
either of the June 2008 GCSE papers.  It may be deemed appropriate by those who set 
the  paper  that  questions  requiring  synthesis  would  be  too  hard  at  GCSE  level.  
Interestingly however, there were also no questions of this type on any of the core 
mathematics papers (C1-C4) from the OCR examination board in June 2007. 
Methods 
The  approach  undertaken  was  one  of  mixed  methods,  including  document 
analysis,  questionnaire  and  interviews.    I  issued  a  questionnaire  to  88  Year  11 
students  prior  to  them  going  on  study  leave  to  explore  their  AS  choices  and  the 
reasons why they had decided to either continue their study of Mathematics or not 
take the subject further.  I then did follow up interviews with 8 students who had 
decided not to continue with Mathematics.  I classified the June 2008 Edexcel GCSE 
Mathematics higher tier papers using the Sierpinska model, and compared the results 
to  the  classifications  given  by  8  students  who  had  decided  to  continue  with  AS 
Mathematics (4 male and 4 female, with 5 A* and 3A grades for the GCSE) and 6 
Mathematics  teachers.  The  comments  from  the  Examiners  Report  were  also 
compared. 
Results and Discussion 
The  table  below  show  my  classification  of  the  two  GCSE  papers.    Some 
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than number of questions was used to compile results.  The breakdown of marks for 
each type of understanding is shown. 
 
Paper  Identification  Discrimination  Generalisation  Synthesis 
Non-
Calculator 
78/100  20/100  2/100  0/100 
Calculator  78/100  19/100  3/100  0/100 
 
The grade boundaries for these papers are as follows: 
 
Grade  A*  A  B  C  D  E 
Non-Calculator  85  72  54  36  18  9 
Calculator  84  68  48  299  16  9 
 
It is significant that a student can obtain a GCSE grade A without having to 
make  any  decisions  about  what  mathematics  to  apply.    The  predominance  of 
identification questions may lead to students mainly working on questions where the 
mathematics  required  to  solve  them  is  obvious.    Consequently  this  may  lead  to 
difficulties when students face atypical or non-standard problems.   
A  considerable  number  of  high  achieving  students  revealed  in  the 
questionnaire that they were not doing AS mathematics because they found GCSE 
hard.  Of the 41/88 Year 11 students who had chosen not to study mathematics in the 
sixth form, 26 of these students were female and 15 were male.  (All but four of these 
‘non-continuing’ students had target grades of B or above.)  The perception that the 
subject was hard was particularly surprising given that at the time the questionnaire 
was issued, (March) when the students had been revising for three months with the 
mathematics syllabus completed in January.  In addition, this was the first cohort to 
sit the two-tier GCSE, where the higher paper contains significantly less A* material 
and more D grade questions.  
So  which  questions  and  why  did  the  students  and  teachers  actually  find 
‘hard’?    Those  interviewed  were  not  asked  to  apply  the  model  adapted  from 
Sierpinska; instead I asked them to rate questions from the same examination paper as 
either ‘easy’ or ‘hard’ to prompt a decision and offered no further categories; most 
complied with some teachers giving split answers for different parts of questions.   
There  was  a  strong  correlation  between  the  questions  classified  as 
identification and those that were described as easy by teachers and students.  Overall, 
students  rated  more  questions  as  easy  than  their  teachers.    There  may  be  several 
reasons for these results. Firstly teachers were asked to consider a typical student 
whereas the students who responded to this survey had all gained at least an A grade. 
Three of the students did not offer any detailed reasons for their choices, so that it 
may have been that they did not fully consider what was required of them in each 
question.  This activity was given to the students when they were four weeks into the 
AS mathematics course and this may have altered their perception of difficulty of 
GCSE  level  questions.    There  are  also  issues  surrounding  whether  it  is  easier  to 
describe something as hard from someone else’s perspective (as the teachers did) 
rather  than  admitting  you  find  something  hard  (as  was  required  of  the  students). 
Reasons given for questions being rated as easy by teachers were: 
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The emphasis on drilling and remembering suggests that students can be successful 
with a rote learning approach given the predictable nature of most of the examination 
questions. This approach to learning was also evident in the students’ responses. 
Basic; learnt the rules; know how to do it;  learnt it,  practiced a lot 
However,  given  that  most  of  the  examination  questions  are  of  a  type  that  both 
teachers  and  students  consistently  describe  as  easy,  why  is  it  that  students  still 
perceive mathematics as hard?  The reasons for questions being hard were again 
similar for both teachers and students and came into four main categories:  
•  multi-stage,  
•  general - involving algebra,  
•  unfamiliar context,  
•  lack of information given.  
Sometimes a specific mathematical topic was given as a reason why a question was 
hard  “Students  find  fractions  hard”.  Occasionally  understanding  was  given  as  a 
reason “Algebraic manipulation requires deeper understanding.” However, the most 
common reasons given from teachers and overwhelmingly from students were that 
memorisation was required.  Typical comments from teachers were: 
Depends if they remember how to factorise quadratics;  
They usually forget where to put the boundaries; 
Similarly for students:  
Can’t remember the rules; forgotten technique; there are a lot of circle theorems 
to remember; graphs are difficult to remember. Lots of variation 
I find it difficult remembering how to get  the signs  the right way round. (for 
simultaneous equations) 
These comments illustrate the difficulty with a rote learning approach to mathematics. 
They suggest that the perceived difficulty of mathematics may stem from the belief 
that students need to remember lots of separate rules requiring effort to memorise. 
Memory  again  is  typical  in  the  comments  from  the  students  for  the  two 
generalisation questions: 
I have no idea what to do; can’t remember ever being taught it. 
These quotes highlight the problem with the rote learning approach to mathematics, as 
students are unsure how to approach problems that are different to those they have 
seen  before.  They  find  new  questions  hard  to  approach  if  they  do  not  meet  the 
conditions of methods they have learned to solve standard problems.  It is particularly 
poignant that the latter is a quote from a student who achieved an A* grade on these 
papers and who has chosen to continue to study mathematics at AS-level.   She is 
relying  on  her  memory  of  previous  examples  rather  than  being  able  to  apply  her 
mathematical knowledge to new and different contexts.  
The  Examiners  Report  (2008)  for  the  calculator  paper  indicates  that  the 
examiners  are  aware  of  the  link  between  the  standard  nature  of  an  examination 
question and the marks scored by students.  Thus there is a significant reward for rote 
learning  as  most  of  the  questions  are  of  a  standard  type  and  can  be  successfully 
tackled  without  a  deep  understanding  of  the  topic  being  examined.    Comments 
include: 
… a percentage change question made a little more challenging by the relevant 
numbers being in a table.  Many candidates had little idea how to proceed. 
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Part (b) proved to be more of a challenge as the candidates were faced with a 
demand that was unusual. 
Candidates who had put in some preparation were rewarded on this question by a 
task  which  involved  a  straight  substitution  and  it  was  very  telling  that  this 
approach yielded much more success than that of using the given formula at the 
front of the paper and then manipulating to isolate cosA. 
Particularly striking is the final comment which appears to suggest that examiners 
favour the method of rote learning the version of the cosine rule with cosine A as the 
subject,  rather  than  using  the  version  given  in  the  formula  sheet  and  applying 
mathematical skills of substitution and rearranging. 
Conclusion 
The  title  of  this  paper  came  from  a  teacher  in  response  to  why  a  GCSE 
question was ‘hard’.  He said: “A bit of thought is required”.  Similarly, the students 
claimed that the questions were hard when faced with the unfamiliar. I am left with 
many questions that I intend to explore through the next stages of my research. 
•  In a high attaining cohort, why do students find any of the GCSE questions hard? 
•  Why do teachers working with such students define any non-standard question as 
hard? 
•  How will students who continue with mathematics adapt to the demands of AS 
and A2-Level? 
•  How does the current performance goal environment impact on perceptions of 
both teachers and students on the nature of acceptable challenge? 
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Introducing the concept of infinite sum: Preliminary analyses of curriculum 
content 
Elena Nardi*, Irene Biza* & Alejandro González-Martín** 
*University of East Anglia, Norwich, UK, **Université de Montréal, Canada 
In this paper we report the first phase of a study that aims to analyse 
curriculum content, pedagogical practice and student perceptions of the 
complex, often counter-intuitive but significant mathematical concept of 
infinite sum (aka series in Calculus). Sources of student difficulty with the 
concept  identified  in  previous,  not  very  extensive,  research  include: 
certain student perceptions of infinity; limited exposure to visualisation, 
contextualisation and applications of infinite sums; and, teaching through 
reduction to an algorithmic approach. Here we report preliminary analyses 
regarding  curriculum  content  and,  in  particular,  the  initial  phases  of  a 
three-dimensional  analysis  (cognitive,  epistemological,  didactical)  of 
mainstream texts used to introduce the concept to undergraduates in the 
UK. 
Keywords: Infinite sum, visualization, application, university mathematics 
Learning and Teaching the Concept of Infinite Sum 
The work we report in this paper is the first, self-contained, phase of a study 
that investigates the learning and teaching of a complex, often counter-intuitive but 
significant  mathematical  concept,  the  concept  of  infinite  sum  (aka  as  series  in 
Calculus).  The  applications  of  infinite  sums  in mathematics  and  science  are  wide 
ranging  and  crucial  (e.g.  González-Martín  &  Nardi  2007).  In  mathematics,  for 
example, infinite sums are a fundamental element of the process of calculating the 
area under a curve, a calculation with a vast array of applications in Economics and 
Physics. In Medicine and Biology infinite sums provide ways of modelling situations 
such as the distribution of medications or pollutants. In sum infinite sums are central 
to the mathematical education of a wide range of scientists and professionals. It is 
therefore quite surprising that the studies of its learning and teaching are rather few.  
Students’  difficulties  with  the  concept  of  infinite  sum  have  been  reported 
mostly indirectly in the works that study the concept of convergence (e.g. Robert 
1982)  –  often  in  the  context  of  the  infinite  sums  underlying  some  mathematical 
situations such as integration (e.g. Fay & Webster 1985). These studies suggest that 
misunderstandings  of  the  concept  of  infinite  sum  may  originate  in  perceptions  of 
infinity, such as that the sum of infinitely many quantities is always infinitely great, 
and may result in some of the difficulties with understanding the concept of Riemann 
integral  and,  particularly,  improper  integral  (e.g.  González-Martín  2006).  These 
studies also suggest that the absence of visual understanding
 (e.g. Alcock & Simpson 
2004) associated to the concept of infinite sum poses severe limitations in students’ 
understanding and application of the concept (e.g. Mamona 1990). 
In  sum  students  appear  to  have  little  understanding  of  what  the  concept 
actually  means,  have  no  visual  imagery  associated  with  it  and  see  little  or  no 
relevance to it in mathematical and other situations. As is often the case with teaching Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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of complex mathematical topics at upper-secondary and tertiary levels (e.g. Artigue et 
al. 2007), teaching, through reduction to an algorithmic approach (e.g. exercises that 
require an often blind application of formulae; static use of graphical representations; 
absence  of  a  connection  to  other  crucial  concepts;  no  attempt  to  alter  related 
misconceptions about infinity etc.) evades addressing students’ difficulties. 
An Analysis of Curriculum Content on Infinite Sums 
The work we report here is a self-contained part of a larger international study 
currently in progress in the UK (first two authors) and Canada (third author). The 
larger study aims to investigate the learning and teaching of infinite sums through: 
I.  Study of the student learning experience with regard to: 
a.  Analysis of curriculum content and pedagogical practice 
b.  Analysis of students’ perceptions 
II.  Design,  implementation  and  evaluation  of  a  pedagogical  intervention  that 
addresses student needs as emerging from I. 
Here we report on the preliminary analyses regarding Ia and in particular on 
the UK chapter of above international study (we also summarise Canadian analyses). 
Our  work  towards  Ia  consists  of  an  analysis  of  mainstream  texts  used  to 
introduce the concept to upper secondary and university level students. These texts 
include: books, lecture notes, exercise sheets, A level materials where the concept is 
introduced informally for the first time, etc.. Analogously to the three dimensions 
described by Artigue (1992) our analysis of the texts aims to address the following 
questions:  
•  Epistemological: what are the mathematical ideas these texts aim to convey, 
particularly in the light of the concept’s history? 
•  Cognitive:  what  issues  related  to  student  learning  do  these  texts  aim  to 
address?  
•  Didactical: what type of teaching are these texts conducive to, particularly 
considering the disciplinary and institutional context in which the concept is 
taught? 
At this preliminary phase we have already identified, with the help of lecturers 
teaching the topic, seven of the texts that we will analyse, both from applied and pure 
mathematics, typically used by students following the introduction of the concept in 
the lectures. We will supplement this analysis with some observation of lectures and a 
small number of interviews with lecturers teaching the concept to undergraduates in 
mathematics, science and engineering. Here however we draw exclusively on a first-
level analysis of the seven texts and our conversations with one lecturer. Our analysis 
addresses questions that have emerged from the literature and a preliminary analysis 
(González-Martín 2008) of six recent post-secondary texts.  
These questions include:  
•  Does  the  text  support  –  and  how  –  students’  overcoming  of  the  major 
misconception  tantalising  the  learning  of  the  concept  of  infinite  sum, 
‘infinitely many addends, infinitely great sum’
 through reference to examples 
from this concept’s epistemology and history? 
•  Does the text use – and how – graphical representations
 in order to enrich 
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•  In what order does the concept appear in the text (for example, in relation to 
the appearance of the notion of numerical sequence of which it is a logical 
precedent).  And  does  this  order  –  and  how  –  take  into  consideration  the 
fundamental differences between a mathematically ‘appropriate’ order and the 
ways in which students acquire a new concept?   
•  Does the text instil – and how – an algorithmic and mechanical approach to 
the concept (despite recent research and policy advice to the contrary)? 
•  Does the text contextualise – and how – the concept in terms of its raison-
d’être in mathematics and its many applications in mathematical and other 
situations? 
The  initial  impressions  from  González-Martín’s  preliminary  analysis  (ibid)  with 
regard to the above questions are that, even though the concept enjoys substantial 
coverage in most texts, its presentation is largely a-historical and decontextualised, 
almost exclusively in the algebraic register and with few graphical representations and 
applications. The UK team (first two authors) is currently working closely with the 
Canadian team to substantiate and refine, or refute, these impressions. 
Visualisation, Application and History in UK Texts 
At  this  preliminary  phase  we  have  identified  seven  books  proposed  by 
lecturers teaching the topic to students of mathematics and other disciplines. These 
books are – amongst other texts – part of the mainstream material that is used for the 
introduction of the concept of series in applied and pure mathematics university and 
foundation courses in the UK (Bostock & Chandler 2000; Gilbert & Jordan 2002; 
Haggarty 1989; Kreyszig 2006; Priestley 2003; Spivak 1967; Stephenson 1973). Here 
we  draw  exclusively  on  a  first-level  analysis  of  these  seven  books  and  our 
conversations with one lecturer.  
In  accordance  with  the  questions  listed  above  we  have  recorded  in  a 
spreadsheet the following information on each book: 
•  The number of pages dedicated to the concept of infinite series. 
•  The number and type of figural representations (e.g. graphs, drawings etc.) 
and the ratio of representation per page. 
•  The number and type of applications of the concept of series (e.g. real life 
applications, applications in other disciplines, problem solving, modelling etc.) 
and the ratio of application per page. 
•  The number and type of historical references (e.g. a simple reference to 
events, integration of history in teaching etc.) and the ratio of references per 
page. 
Regarding figural representations, only in three of the books we found figures 
related to series: three in Kreyszig (0.23 figures per page); five in Spivak (0.19 figures 
per page); and three in Stephenson (0.12 figures per page). These figures are used 
mainly for the visual representation of the sum terms or the partial sums as: points on 
the number line (Figures 1, 2 and 3) or areas of rectangles (Figures 4 and 5).  
In particular, Figure 1 features a neighbourhood of s(x1), a visual expression 
for the inequality  ( ) ( ) 1 1 n s x s x     < . Figure 2 features the partial sums s1, s2, s3, s4 
of the series  1 2 3 4 x x x x   +   +K, where {xn} is a monotonic decreasing to zero 
sequence. According to the Leibniz Theorem this series converges and the illustration 
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  Figure1. Kreyszig 2006, 172  Figure 2. Kreyszig 2006, A70 
 
Figure  3  features  the  terms  and  the  partial  sums  of  the  series: 
1 1 1
1
2 4 8
+ + + = K . Through this picture, not only the order of the terms is illustrated 
but the convergence of the series is evident and as Spivak suggests this is “an infinite 
sum which can always be remembered from the picture” (Spivak 1967, 391). 
 
Figure 3. Spivak, p.391  
Figure  4  visualises  the  symbolic  expression: 
1
( 1) ( )
n
n f n f f n
+
+ < <     for 
monotonic functions, whereas Figure 5 features “[…] a graphical  argument. Each 
term of the series represents the area of the rectangle with base equal to the unity and 
height equal to the magnitude of the term” (Stephenson 1973, 72) 
 
 
 
 
 
 
 
 
 
  Figure 4. Spivak 1967, 396  Figure 5. Stephenson 1973, 72 
 
In some of the books we found the following non-figural but rather evocative 
representation  of  the  proof  of  the  non  convergence  of  the  harmonic  series  (via 
grouping of the terms):  
 
{
1 1 1
2 2 2
1 1 1 1 1 1 1 1 1
1
2 3 4 5 6 7 8 9 16
     
+ + + + + + + + + + + K K
14243 1 4 24 3
 
 
In  a  conversation  we  had  with  one  of  the  lecturers  teaching  the  topic,  he 
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Figure 6. Lecturer’s figure 
 
Regarding  applications,  we  found  three  in  two  books:  two  in  Bostock  & 
Chandler (0.10 per page) and one in Gilbert & Jordan (0.13 per page). In one of them, 
which only provided a context for a materially-based calculation, there was a problem 
of a piece of string with length l that was cut in half and kept one piece; the remainder 
in half and kept one piece; and so on in order to end up with the series described in 
Figure  3.  In  the  other  two  applications  only  the  formulas  from  other  disciplines 
(economics and physics) are used in order the mathematical processes be applied. We 
note that in Spivak’s book, although we found no non-mathematical applications, we 
identified  a  tendency  for  intra-mathematical  connections,  namely  connections  not 
necessarily between different disciplines but between mathematical topics. So, for 
example, the non-convergence of the harmonic series is connected to the discussion in 
an exercise on p.411 of the infinite number of positive rational numbers. 
Regarding historical references, no historical reference was found in the seven 
books we studied for the purpose of this preliminary analysis. 
Further Steps 
As our analyses grow the list of research questions initially produced by the 
Canadian team is further enriched. For example, we are now looking more closely at 
intra-mathematical connections within the texts such as the ones we exemplified here 
with reference to the Spivak’s text. The depth and breadth of these analyses will also 
be inevitably influenced by the outcome of our applications for funding (currently 
pending in the UK and already successful in Canada). This work is also embedded in 
the work of an international network that aims to consolidate the work of several 
researchers from around the globe on the teaching and learning of Analysis concepts, 
particularly with regard to student understanding of real numbers. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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A Different Maths for the 21
st Century: Bubble and Arrow Diagrams show the 
answers to WHY, WHAT and HOW questions 
Peter Osmon 
Department of Education and Professional Studies, Kings College London 
This work is part of an investigation of an alternative maths curriculum 
that  emphasises  21
st  Century  applications.    It  has  never  been  more 
important to develop children’s powers of reasoning and discussion and 
maths  can  help.    The  answers  to  Why,  What  and  How  questions  are 
descriptions- causal, classification, and operational respectively- and they 
can all be represented as directed graphs. Causal graphs, where the nodes 
represent occurrences, are not as familiar as classification or algorithm 
graphs.    Besides  recording  the  past-  why  things  (including  beliefs) 
occurred- causal graphs can capture predictions about the future.  These 
graphs can be realised in the classroom as bubble and arrow diagrams and 
used to develop and communicate answers to all three kinds of question.  
Keywords: Mathematics; Curriculum; Why; What; How; Causal;  
Bubble and Arrow. 
 
Introduction and Rationale 
In this paper I explore an area somewhat outside the conventional maths curriculum in 
the belief that it is highly relevant for life in the 21
st Century and in the hope that it 
has potential for interesting school children who are not “turned on” by more familiar 
maths.  I propose that the answers to everyday questions beginning 
Why, What, How, Which, When, Where,… 
have characteristic mathematical forms and in this paper I focus on the first three, for 
reasons of limited space. 
These kinds of questions are enquiries about knowledge (Sowa, 2000) and my 
discussion of the forms the answers can take aims to show how school mathematics 
can help in the appreciation and communication of various kinds of knowing.  
Traditionally the maths curriculum has emphasised argument and proof within 
mathematics rather than how mathematical types of argument can be applied more 
generally.  I suggest it is time for school maths to become more outward looking. 
The work reported in this paper is part of a wider investigation of an 
alternative maths curriculum. 
My own background is an academic career spent in physics, electronics and 
computer science, as well as in innovation and management.  My children have all 
passed through the state school system, with varying experiences of maths learning, 
and I was for many years a school governor and chair of governors.  I have found the 
subject matter I introduce here helpful in these various contexts.  Unfortunately I 
don’t know any single source suitable for reference. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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Overview of WHY, WHAT and HOW 
In my experience people often have difficulty in effectively distinguishing these three 
kinds of questions and the kinds of answers they require.  But making the distinction 
is necessary for reasoning in all kinds of contexts- everyday and professional.  
Understanding these kinds of questions is sometimes complicated by 
variations in meaning.  Thus, WHY might be asking about a physical cause or 
alternatively about a purpose.  WHAT is asking for a description which might be a 
static classification or relationship or else a dynamic one, often in the form of an 
algorithm.  HOW may be asking How do we know something? (knowledge-How) or 
How do we do something? (operational-How). 
In a particular context meaning can also be complicated by the relationships 
among Why, What and How answers.  Figure 1 is an example to demonstrate such 
relationships.  Both WHAT questions are asking for a description.  The first WHAT 
question is a static query- and is answered by a classification.  The second WHAT 
question asks directly for an algorithm.  The HOW question is an Operational-How 
and the answer says- follow that procedure. 
NB Answers to both the second WHAT and the HOW refer to an Exclusion 
Algorithm.  But these references are very different- the answer to WHAT is 
concerned with a description of the algorithm whereas the HOW answer is about its 
use.  And use of an algorithm changes something in the world- in this case the status 
of a student. 
Clarity of thought and reasoning requires being able to see and work with the 
kinds of distinctions brought out by this example.  As always, when aiming to 
understand the general cases, there is no substitute for practice with examples.  The 
exclusion example was deliberately presented in a simple question and answer way.  
It clearly invites probing with further questions.  I will demonstrate the value of 
bubble and arrow diagrams in developing and communicating deeper answers to 
Why, What and How questions and hence developing powers of reasoning and I 
suggest that the process of developing such answers lends itself to group learning. 
WHY, WHAT and HOW Answers and Directed Graphs 
Directed graphs can represent the structural content of the answers to all three kinds 
of question. 
Classification graphs convey answers to “What? Questions 
Some classification graphs already feature in the curriculum- family trees and trees 
showing the classification of living things.  (While tree-shaped classification graphs 
are common, they are not the only kind.  The periodic table of the elements for 
example when represented as a graph has a pattern of interconnections that follow the 
underlying atomic structure.)  Syntax graphs and expression graphs are less familiar 
tree-shaped examples but are more interesting mathematically because they can have 
dynamic interpretation- that is they can be traversed/executed- in the former case 
when a sentence is spoken and in the latter when an expression is evaluated.   
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Algorithmic graphs convey answers to “Operational-How?” questions  
Algorithms also feature in the curriculum but directed graph representation of 
algorithms is perhaps less familiar.  An algorithm describes the procedure for 
performing a process.  A process is an ordered set of tasks and the steps in the 
algorithm correspond to performance of the individual tasks.  (The mathematical 
significance of a task is that doing it changes a value.)  It seems natural to map the 
steps of the algorithm onto the nodes of a directed graph with the links between the 
nodes showing the order of doing the tasks.  The tasks may be only partially ordered 
however- either because some tasks are alternatives or because it is possible to 
perform some tasks concurrently- and links need to be labelled to distinguish these 
cases.  Algorithms themselves are static- and like classification graphs they are 
descriptions- and also like some classification graphs they have a dynamic aspect- the 
processes they describe can be performed.  
Causal graphs convey answers to “Why?” questions  
Causal graphs are probably less familiar than either the classification graphs or the 
algorithmic graphs discussed in the two preceding sections and so they are discussed 
at greater length.  While reading this section, it may be helpful to refer to the figures 
which show example causal graph fragments, drawn as bubble and arrow diagrams. 
Why questions relate to occurrences- happenings- with cause-effect 
relationships.  Thus- 
 
Q:  WHY did the First World War start? 
Ie. This was the effect, what was the cause? 
A:  Because Archduke Franz Ferdinand was assassinated 
Ie. This was the cause of that effect 
The answer to a Why question may begin either- “Because…” if the question 
is looking backwards in time or- “Consequently…” if the question is looking 
forwards in time- 
 
Q:  WHY am I taking these exams?   
Ie. This is a cause, what will be its effect? 
A:  Consequently I shall become a doctor 
Ie. This is the effect I want from the cause 
Both examples are likely to trigger further questions- “Why was he 
assassinated?”, “Why do I want to be a doctor?”- in which an occurrence which was 
an effect is seen to be a cause of further effects.  These connected causes and effects 
can be represented as causal graphs where the nodes are occurrences and the links 
represent causal connections among them. 
An effect can have multiple causes- 
    We say an effect D occurs “Because of A, B, C,… 
And an occurrence may be the cause of more than one effect- 
    We say effects B, C, … occur “Because of A”. 
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Causal graphs have probably been invented and reinvented many times.  The 
earliest reference I have found is to the work of Frank and Lillian Gilbreth in the early 
1900s mentioned in (Wolfram 2002). 
We can distinguish physical causes (as in Figure 2.) from sensate causes 
where there is an intent to cause an effect, as in the two examples on the previous 
page.  Physical causes are discussed at length by Bungay (Bungay 1979). 
A cause necessarily precedes its effects.  (The duration of occurrences varies 
and so a long duration cause may completely overlap in time its short duration effect.) 
And association of occurrences need not imply a cause-effect relationship.  For 
example thunder and lightning have a common cause and the lightning is seen before 
the associated thunder is heard because the speed of light is greater than the speed of 
sound. 
Causal graphs don’t have cycles.  But sometimes causal graphs are envisaged 
with cycles- for example to represent repeating cycles of infections- as with cholera 
infection and contaminated drinking water.  The cycles are “shorthand” for a 
succession- infinite succession if nothing is done to stop repeated causation- of 
similar cause-effect chains of occurrences.  
Causal graphs are used to model answers to the why questions that arise in a 
great variety of real-world contexts- scientific, medical, technological, sociological, 
personal…  These graphs can be very large and elaborate- with probabilities and 
triggering thresholds assigned to occurrences.  But relatively simple graphs can 
capture essential causal reasoning at secondary school level in aspects of economics, 
geography, history, science, sociology, as well as everyday problems.  
Bubble and Arrow Diagrams 
Directed graphs are a mathematical abstraction.  Bubble and arrow diagrams are a 
convenient physical realization of all three kinds described in this paper- particularly 
convenient in the classroom where they can be drawn with pencil and paper or on a 
computer screen using a drawing package. 
Our pattern recognition abilities are such that most people find bubble and 
arrow diagrams, providing they are not too crowded (“rule of seven”- maximum of 
seven bubbles on a page), more effective than plain text for communicating structural 
information.  I am not claiming that people think directly in these notations- rather 
they are good for communicating the results of thinking- to ourselves and to others.  
Figures 2, 3, 4 show some causal graph fragments in bubble and arrow form.  
Like the more familiar algorithm graphs, fragments of causal graphs, like these, can 
be connected to show more of a causal history. 
Developing a causal diagram for a real-world situation is a modelling exercise.  
Since “everything in the real-world is connected to everything else” and “we 
shouldn’t bite off more than we can chew”, it is necessary to decouple the part we are 
interested in from the whole.  For example, it would undoubtedly be interesting to 
draw a diagram for the causes of World War 1- which are discussed in all history 
textbooks I have ever seen.  But the story extends right back through European history 
and so diagramming it may be infeasible, simply because of the scale of the task.  
However it probably is feasible to diagram the causes of the actual outbreak of war- 
assassination of Franz Ferdinand, various treaty obligations among the nations, troop 
mobilisations, etc. 
The similar syntax of the three kinds of bubble and arrow diagrams conceals 
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occurrences.  In algorithm diagrams the bubbles represent steps.  In 
classification diagrams the bubbles represent sub-classes or class instances. 
 
Conclusions  
Mathematics has more to offer learners than the traditional curriculum admits.  A 
whole dimension has been missing from maths education, namely the use of 
mathematical thinking and notation to clarify real-world problems and issues that 
often may be scarcely formulated. 
For many people this knowledge would be as helpful as numeracy, in both 
their private and professional lives.  And I suggest the complexity of 21
st Century life 
makes developing it for learning in schools an urgent educational task. 
In this paper I have chosen WHY, WHAT and HOW questions and their 
answers as exemplars of wider mathematical thinking.  These questions can all be 
answered by constructing bubble and arrow diagrams- albeit with distinct 
interpretations.  Classification and algorithm diagrams, for answering WHAT and 
HOW questions, are relatively familiar and so I have given most space to the meaning 
and construction  of causal diagrams for answering WHY questions.  Bubble and 
arrow diagrams are a good medium for communicating both developing and 
completed answers to these kinds of questions and a special advantage is that they are 
very well suited to group working. 
I am optimistic that this neglected facet of mathematics learning has the 
potential to capture the interest of the many children (and their teachers) for whom 
maths has been anathema.  We shall see. 
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Figure 3. 
Multiple causes of an effect- 
(A, B, C) cause D 
Figure 4. 
Two effects with a 
common cause- 
A causes (B, C) 
B. 
Thunder 
C. 
Lightning 
A. 
Electrical 
discharge in 
atmosphere 
B.  
Undersea 
earthquake 
C. 
Tsunami 
A. 
Shifting 
Tectonic 
Plates 
 
Q:  WHY do we have an exclusion policy? 
Ie For what purpose? 
A:  To comply with regulations of the Education Authority 
 
Q:  WHAT is the policy on exclusions? 
A:   Classification of the circumstances which warrant a  
  student’s exclusion is as follows… 
 
Q:   WHAT is the exclusion procedure? 
A:   It’s an algorithm in the Governance Handbook 
 
Q:   HOW do I exclude someone? 
A:   You perform the exclusion process 
  Ie You follow the procedure given in the Handbook 
   
Figure 2.   
Causal chain- 
A causes B causes C  
Figure 1. 
Example WHY, WHAT, HOW  
Questions and Answers 
D.  
Become  
Property 
Developer 
B. 
Brother is 
architect 
A.  
Make 
Money 
 
C. 
Access to 
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HMI Ofsted report for Mathematics 2008 or why teenagers are maths dunces
1  
Stephanie Prestage and Pat Perks 
School of Education, University of Birmingham 
This  paper  offers  a  brief  analysis  of  the  HMI  mathematics  report 
published  on  the  19
th  September  2008  (Ofsted,  2008).    We  consider 
alternative  discourses  for  the  data  used  by  the  authors  and  for  their 
explicit and implicit messages with the resultant blame laid on teachers. 
The serious message of this paper is the startling nature of the attribution 
of blame after more than a decade of prescription and national targets 
which are regularly inspected.   
Key words: Inspection, blame, performance culture 
Background 
Much has been written about the compliance culture created by regulation and 
audit. Management teams at all levels are required to set clear directions and are to 
measure the value and effectiveness of practices especially those of teachers.  But as 
Avis (2003) points out: 
Performativity  through  its  chain  of  targets  and  accountability  operates  with  a 
‘blame culture’ where accountability becomes a means by which the institution 
can  call  to  account  its  members.  …  In  this  way  performance  management 
operates  as  a  mechanism  to  discipline  members  so  that  they  follow  preferred 
directions and practices. (324-325) 
Many authors claim further, that centrally determined targets of anything but 
the  broadest  are  unlikely  to  raise  standards  and  in  fact  may  not  help  to  sustain 
improvement (Hargreaves, 2003; Sachs, 2003; Stronach et al 2002).  Moreover these 
authors also believe that use of such targets is most likely to encourage conservative 
practices and suppress innovation. 
It is interesting to note that the most influential mathematics report in the early 
1980s  (Cockcroft,  1982)  commenting  on  whether  there  was  a  need  for  teaching 
methods to be detailed decided that: “we are aware that there are some teachers who 
wish us to indicate a definitive style for the teaching of mathematics, but we do not 
believe that is either desirable or possible.”  Ten years ago, Brown (1999) highlighted 
the growing pedagogic control, suggesting that: 
The post-war progressive era of teacher and pupil autonomy is apparently over, 
and  the  education  system  is  to  be  driven  by  national  targets  and  norms  and 
regularly  inspected  like  steel  production  in  the  soviet  state  or  rice  production 
under Chairman Mao. (15) 
The National Strategy provides a great deal of advice in the form of ‘distance 
education’  materials  –folders,  CDs,  videos,  training  packs  etc.    Teachers  working 
across the educational spectrum are expected to interpret these suggestions, to make 
sense  of  them  within  their  classrooms.    The  Strategy  endorses  a  high  quality 
                                                 
1 Daily Mail, 19th September 2008 
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formative assessment interacting with pupils to make clear what the objectives are 
assessing how far they have progressed in achieving them and using information.  
This is seen by Brown (1999) as:  
 …the  tightest  ever  control  by  government  on  mathematics,  with  central 
prescription  not  only  of  national  curriculum  and  national  tests,  but  also  of 
teaching styles.  (374) 
So after a decade of increasing specification, audit and inspection, what is 
happening in mathematics education?  The results from Ofsted reveal disappointment 
but where is blame apportioned? 
 
Method 
The data source for this paper is the HMI report itself. We adapt a framework 
offered by Jupp and Norris (1993) to analyse the document.  This framework is given 
as a set of four questions shown in the frame below 
 
1.  Who writes these discourses and whom do they represent or purport to represent? 
2.  What is the intended audience of such writing? 
3. What  does  critical  reading  of  these  documents  tell  us  about  what  is  seen  as 
problematic; what explanation is offered for what is seen as problematic? 
4.  What alternative discourses exist? 
adapted from 50 
 
Q1. Who writes these discourses and whom do they represent or purport to 
represent:  
Clearly  the  authors  of  the  report  are  the  mathematics  HMI  OfSTED 
inspectors,  representing  an  independent  government  quango.    Our  emphasis  here 
would be on the word “independent.”  However as the discussion below reveals it is 
only teachers who are blamed for the observed underperformance of students.  All 
other  agencies  are  enjoined  to  help  to  ‘fix’  the  teachers,  which  seems  to  offer  a 
particular political agenda with an undermining of independence. 
Q2. What is the intended audience of such writing?  
This  is  ambiguous,  in  that  such  reports  are  usually  for  the  education 
community at large. But we suggest that the main audience is the DCSF since the 
advice to teachers of which there is plenty comes with explicit admonishment. Is this 
to  justify  an  increasingly  expensive  inspection  machinery  and  to  offer  newspaper 
headlines to allow a Government to step in with more quick fixes to make more 
headlines? 
Q3. What does critical reading of these documents tell us about what is seen as 
problematic; what explanation is offered for what is seen as problematic  
The report reveals much that is problematic and highlights the consequence of 
emphasis on increased test results at all ages creating a culture of ‘teaching to the 
test’,  with  its  allied  fault  finding  of  teachers  and  teaching.  Yet  the  nature  of  the 
evidence is never seen as problematic. Perhaps Ofsted inspectors have to be oversure 
of their interpretations in order to do the job, but the report ought to have been more 
intellectually honest and rigorous. 
Q4. What alternative discourses exist?  
The anecdotes which are offered as evidence are based on the observations of 
experienced  observers  but  the  discourse  in  the  report  allows  for  only  one Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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interpretation and one scapegoat (the teachers) and yet the evidence can and needs to 
be challenged by alternative interpretations of the findings. 
Discussion 
Several themes emerge from an analysis of the text but we choose three in 
particular to write about here.   
Those important test results 
The  report  is  organised  into  four  sections,  the  executive  summary,  key 
findings, recommendations and then the main text.  It is most likely that, given the 
length of the report that most readers will read the first three and perhaps parts of the 
main section. It would seem important, therefore, that the first two sections are an 
accurate reflection on the data.  So, what is the first key finding? Surely what is 
placed  first  is  the  most  important,  the  most  significant  (lists  by  default  create  a 
hierarchy).    The  first  key  finding  reminds  all  readers  of  the  importance  of  those 
improved test results: 
Results of national  tests at Key Stages 2 and 3 and GCSE examinations have 
shown an upward trend for several years (6, Key findings) 
As this is the first key finding one might presume that the teachers are about to be 
congratulated for their hard work and effort.  No such thing. Tests results are better 
than ever before but teachers are still considered to be at fault. They are criticised for 
getting  better  results  because  this  has  affected  their  pedagogy.  The  executive 
summary reveals some problems and the inherent problem of these improved and 
increasing results is to be ‘blamed’ on teaching to the test. 
Evidence suggests that strategies to improve test and examination performance, 
including ‘booster’ lessons, revision classes and extensive intervention, coupled 
with a heavy emphasis on ‘teaching to the test’, succeed in preparing pupils to 
gain the qualifications but are not equipping them well enough mathematically for 
their futures. (4, Executive Summary) 
Are the inspectors concerned about this?  Well, yes.  There is criticism of 
“teaching to the test”, alongside the suggestion that booster classes, revision classes 
and  excessive  intervention  so  that  they  may  pass  examinations,  are  leading  to  a 
narrow  and  joyless  experience  for  many  pupils.  Yet  there  is  nothing  in  the  key 
findings.    You  have  to  go  to  page  44  within  the  report  to  find  a  rather  critical 
statement about the consequences of teaching to the test: 
… many concentrated on approaches they believed prepared pupils for tests and 
examinations, in effect, ‘teaching to the test’. This practice is widespread and is a 
significant barrier to improvement. (44, §111) 
This ‘significant barrier to improvement’ gets no mention in the key findings 
nor  in  the  recommendations.    Barbour  (2008)  also  noted  with  concern  that  the 
inspectors have nothing to saying about this problem in the key findings  
… expecting to see some robust advice to government to free teaches from the 
treadmill  of  high  stakes  testing.  And  guess  what…  there  is  no  such 
recommendation. (Barbour, 2008) 
In relation to testing and attainment, the inspectors also have something to say 
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progression to be linear and that level attainment at KS3 is meaningful, valid and 
predictive of performance at KS4:  
Key Stage 3 test results are improving and a greater percentage of pupils reach the 
vital threshold of grade C at GCSE level, but this does not tell the whole story. 
Based on the gains made at Key Stage 3, more pupils than at present should be 
reaching the higher GCSE grades (4, Executive Summary) 
The improvements made in Key Stage 3, however, are not built on sufficiently 
during Key Stage 4. Indeed, pupils’ progress during Key Stage 4 has declined 
over the past few years. In 2007, 79% of pupils who had reached Level 6 at Key 
Stage 3 went on to pass GCSE at grade C or higher, and 26% did so from Level 5. 
(10, §4) 
Wiliam  (2001)  explains  that  even  with  a  reliability  score  of  0.8  on  the 
outcomes  of  the  KS3  tests,  which  is  quite  normal,  43%  of  students  could  be 
misclassified. The percentages quoted become easily deconstructed into meaningless 
and uninformative numbers. 
 
Validity and reliability of the data 
The  report  purports  to  be  evidence  based  yet  the  reliance  on  personal 
interpretation by an observer, however skilled, which fails to take account of context 
and  influences  on  behaviour  brings  such  data  into  disrepute.  Reading  the  main 
findings of the report you will find many places where inspectors are negative in their 
reports on teachers.  The use of language is pejorative and assumes the observations 
of lessons to represent a truth that can be generalised. 
A substantial amount of teaching is no stronger than satisfactory and, in these 
lessons, pupils do not learn as quickly as they might.           (19, §26) 
A different starting point might have been to use an easy example ….. Learning 
would have been better if ….. (20) 
Assumptions abound.  Have you ever talked to teachers about their anxiety 
when  being  observed  by  an  Ofsted  inspector?    The  lesson  being  observed  is  not 
‘normal’, there is tension, nervousness, angst.   
When the inspector asked her (a pupil working with A=πr
2) …a question… she 
immediately  assumed  she  was  wrong,  as  she  was  not  used  to  being  asked  to 
interpret her answers. .... The pupil’s understanding would have been better if the 
teacher had ….   (54) 
The certainty of the discourse does not permit alternative interpretations, such 
as the pupil being unwilling to answer in a lesson observed by an outsider, that her 
understanding  at  that  moment  would  not  be  enhanced  by  such  a  process,  or  that 
asking for interpretation was not a normal activity for that teacher. The evidence is 
not seen a problematic and open to alternative discourses. Even worse, generalisations 
to wider teaching situations are made from a single quoted observation: 
Commonly, teachers remain at the front of the classroom during starter activities, 
while  introducing  a  topic  and  during  class  discussions.  This  means  they  miss 
important information about the questions pupils find difficult or too easy and do 
not  recognise  where  an  early  slip  is  interfering  with  pupils’  learning.    For 
example,  many  pupils  draw  axes  with  unequal  spaces  between  units  which 
prevent  them from plotting straight line graphs correctly,  yet  they continue to 
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As teacher educators we are familiar with our student teachers not directing 
movement  or  looks  to  the  part  of  the  room  where  we  are  sitting.  An  alternative 
discourse on this anecdote allows for observation by an outsider to change behaviour 
(in an attempt to divert the stress of being observed) and that one observation does not 
indicated usual behaviour and certainly cannot be evidence for this to be considered 
as event occurring “commonly”. 
Schemes of work 
There are statements in the report which can be interpreted as contradictory.  
For example, two key findings are given in relation to schemes of work.  The first is 
that schemes of work are generally poor. 
Schemes of work in secondary schools were frequently poor, and were inadequate 
to support recently qualified and non-specialist teachers. (6, Key Findings) 
However following on from this statement is the comment that management 
and leadership was satisfactory and getting better 
The quality of leadership and management of mathematics was good or better in 
71% of the primary schools and 51% of the secondary schools visited, although it 
has improved in the latter in the last two years. (6, Key Findings) 
How can this be? Schemes are work are frequently poor and yet leadership 
and management are good or better in over half of the schools. If management and 
leadership are responsible for working with their teaching teams on schemes of work, 
how can they be judged as good or better when they produce poor schemes?   In the 
depths  of  the  report  more  information  is  found  about  the  key  finding,  being 
particularly damning for secondary schools.  
Good schemes of work were rare in secondary schools. It was not uncommon for 
teachers  to  use  only  examination  specifications  and  textbooks  to  guide  their 
lesson planning, focusing on content rather than pedagogy. Few schemes included 
guidance on matters such as the most effective teaching approaches, how to meet 
the  full  range  of  pupils’  needs  or  on  what  constitutes  an  appropriate  level  of 
challenge. They provided insufficient support for teachers who were at an early 
stage in their professional development or for staff who were not mathematics 
specialists. (25, §46) 
Now  our  experience  of  schemes  of  work  in  secondary  schools  (40  PGCE 
secondary  students  working  in  secondary  schools  each  year)  is  their  use  of  the 
medium term plans from the Strategy team. Indeed the report finds the same.   
In many secondary schools, apart from adaptations needed because of changes in 
examination  specifications,  there  has  been  little  progress  in  developing  the 
mathematics curriculum since the Key Stage 3 Strategy’s sample medium-term 
plans several years ago. (25, §47) 
So, and here is our confusion, schools are using the medium terms plans from 
the Strategy, many of these schools have been inspected and schemes of work classed 
as poor.  Worse still, given that the inspectors find those based on medium terms 
plans poor, who is blamed for their use?  Why, the teachers of course.  And whose 
advice is sought?  Who else but the Strategy!   The Recommendations ask for the 
Strategy to: 
… provide guidance for schools on enhancing subject expertise in mathematics  
….  [and]  devise  guidance  for  teachers  on  the  effective  use  of  mathematics-
specific  pedagogy  to  aid  the  development  of  pupils’  understanding        (7, 
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If the medium term plans are not considered sufficient for good schemes of 
work and advice from documents and consultants have not prevented ‘teaching to the 
test’, and have encouraged booster classes etc.,  is the really Strategy qualified to 
improve the situation? 
Conclusion 
The charges which the chief HMI levels against teachers are serious and wide 
ranging  -  poor  subject  knowledge,  poor  pedagogic  content  knowledge,  poor 
management and poor schemes of work. If she had named a particular school or 
particular teachers she might have had a  series  of libel actions against her name.  
Instead  she  generalised  from  the  individual  observations  and  as  a  result  all 
mathematics teaching was covered in the mud of a particular interpretation of the 
‘evidence’. The press had a field day. 
> “Ofsted criticises maths lessons” Guardian (19/09/2008) 
> “Teaching style turns children off maths say inspectors” Times (19/09/2008) 
> “Schools failing pupils on maths”    Daily Express (19/09/2008) 
> “Half of maths lessons not good enough” The Independent (19/09/2008) 
>  “almost  half  of  the  lessons  are  no  better  than  satisfactory”  The  Telegraph 
(19/09/2008) 
> “Why teenagers are maths dunces” Daily Mail (19/09/2008)  
Mud smeared anonymously is however still mud smeared – and all the more 
difficult to wash away.  Quite what constructive purpose could possibly be served by 
such  irresponsible  and  wholesale  scapegoating  of  teachers  is  beyond  our 
comprehension.    We  suggest  those  in  charge  look  upward  and  within.    Their 
performance is poor, their political acumen naïve and their use of data misleading. 
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From modelling the teaching practice to the establishment of relations between 
the teacher’s actions and cognitions  
Carlos Miguel Ribeiro 
University of Algarve, Portugal 
In modelling the teacher practice, we approach some cognitions of the 
teacher  while  (s)he  is  immersed  in  action.  To  do  this,  we  elaborate  a 
model, which has been theoretically and practice based, which allows us 
to display apparent links and relations between the teacher’s actions and 
his/her  goals,  beliefs  and  knowledge.  In  this  paper  I  will  present  the 
modelling process in one specific situation where the teacher presents a 
certain content and, by doing so, I will show what and of what kind of 
relations occur in those specific situations. 
 
Keywords: Cognitions, modelling the teacher’s practice, mathematics 
education 
Introduction 
Teaching  practice  is  influenced  by  a  wide  range  of  variables.  The  way  teachers 
consider the teaching process, their role and that of the students is related to how they 
deal with all those variables. From all the range of variables involved the ones I 
consider  most  influence  the  teacher’s  practice  are  the  teacher  cognitions  (beliefs, 
goals and knowledge). None of these aspects can be seen in an isolated way because 
they  are  interdependent  and  directly  connected  with  the  teacher’s  previous 
experiences.  These cognitions are reflected in the classroom interactions and thus, the 
more we know about the way they influence the teaching process, the better we can 
understand it (Aguirre & Speer, 2000; Ernest, 1989; Schoenfeld, 1998b). 
Also, the way the teacher communicates and interacts with others, in particular 
with the students, may reveal how (s)he considers the teaching process must occur. In 
particular, if the teacher uses distinct types of communications it may correspond to 
distinct didactic approaches. These variables, and the way they relate, will be the 
focus of my attention in this paper. It is part of a wider research project, which aims to 
improve our understanding about which cognitions underlie teachers’ actions in their 
practice in a mathematics class and how they are related and change during time (also 
as  a  result  of  collaborative  work).  To  be  able  to  analyze  all  the  relations,  we 
elaborated a model based in the one presented by Monteiro, Carrillo, & Aguaded, 
(2008); Schoenfeld, (1998a) and Schoenfeld, Ministrell, & Zee, (2000).  
The components of the model 
The option of elaborating a model is based on  the fact that the teaching-learning 
process is far too complex to permit a single, all-encompassing analysis. However, we 
choose to focus on teachers’ actions and cognitions as well as their relations, because 
these are of supreme relevance to understanding the practice. The model is actualized 
as  we  engage  in  the  analysis  through  constant  comparisons  between  the  previous 
analysis and the new information gathered (Strauss & Corbin, 1997). At the moment, Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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the central components of the model are the teacher cognitions, their actions and the 
type of communication used; however, it also reveals which resources are used, the 
means of working, the teacher’s specific goal at each moment, the type of episode, 
whether the episode is part of the lesson image, the triggering and terminating events 
and  also  the  teacher’s  actions  each  time.  I  will  briefly  discuss  each  of  these 
components (excluding the teacher’s actions, because these are directly observed from 
the classroom/video recordings – Cf. Methodology). 
A  goal  may  simply  be  something  which  one  aims  to  attain  (Schoenfeld, 
1998b). The teacher may have different kinds of goal and these may be over the short, 
medium and long term, explicit or latent, and thus part of a system. They can likewise 
be pre-determined or emerge during the teaching activity (Aguirre e Speer, 2000). 
Like Saxe (1991), we consider that  each individual has the capacity to construct, 
adapt, model and remodel such goals in accordance with his or her own personal and 
professional development. 
Teachers’  beliefs  have  a  significant  role  in  their  teaching  process  (Ernest, 
1989). To analyze them we consider a set of belief indicators taken from Climent 
(2002). Climent presents a set of indicators of primary school teachers’ beliefs (i.e., 
first  six  years  in  Spain),  with  respect  to  beliefs  concerning  methodology, 
mathematics, learning, and the roles of pupil and teacher. 
With the aim of analyzing the professional knowledge, we have selected the 
categorization presented by Ball, Thames, & Phelps (2008), which adapts Shulman’s 
(1986)  formulation  of  the  components  of  professional  knowledge.  We  take  their 
current proposal and incorporate certain descriptors from Park & Oliver (2008). Ball 
et al. (2008), divided both content knowledge and pedagogical content knowledge 
into three categories. The former is composed of horizon knowledge (HK), common 
content knowledge (CCK) and specialised content knowledge (SCK). The latter is 
likewise  divided  into  three  types,  each  a  variant  of  content  knowledge:  teaching 
(KCT), students (KCS), and the curriculum (KC). The distinctions between CCK and 
SCK  may  be  problematic  when  analysing  teacher’s  practice  (Ball,  Thames  et  al., 
2008) (what is assigned to each category and for who?) and also, depending on the 
focus of the analysis, the KCT can be seen as SCK or vice versa. 
As mentioned previously, the type of communication the teacher uses has a 
direct relation to the way (s)he considers the teaching process must occur. I will make 
use of the classification of mathematical communication proposed by Brendefur & 
Frykholm (2000): unidirectional, contributive, reflexive and instructive, with some 
adaptations introduced by Carrillo, Climent, Gorgorió, Rojas, & Prat (2008). 
The type of episode is also part of the model. This corresponds to routines, 
scripts or action guides, and improvisations (Ribeiro, Monteiro, & Carrillo, 2009; 
Schoenfeld, 2000; Schoenfeld et al., 2000), whether each specific episode we consider 
is part of the lesson image, and information related to the triggering and terminating 
events. A routine is any kind of action independent of context, executed routinely; 
scripts, or action guides, are specialisations of routines, but conceptually dependent. 
Improvisations correspond to all those actions undertaken by the teacher in response 
to an unexpectedly arising event. The lesson image corresponds to what the teacher 
(immediately before the class starts) says is going to happen (this is not the same as 
the lesson plan). The triggering and terminating events are those which delimit each 
episode.  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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Methodology 
To  model  the  teaching  practice  and  establish  some  relations  between  the  model 
elements,  we  combine  a  case  study  with  an  interpretative  methodology. The  data 
collection includes audio and video recordings (in the interactive stage of teaching, 
centred on teachers) and informal conversations obtained before and after class (to get 
the  lesson  image  and  clarify  some  inferences).  All  the  audio  recordings  were 
transcribed and then complemented with information from the video concerning the 
teacher’s  actions  and  interactions  with  the  pupils  (Star  &  Strickland,  2008).  This 
occurred at three different times, but always when the (two) teachers were going to 
introduce new content (in the 4
th grade – students aged 8 or 9). In this paper I will 
discuss one specific situation regarding the first phase, where one of the teachers 
presents the content (how to write thousandth and hundredth in the orders table) in a 
unidirectional way, for the entire group using the board. I will focus my attention on 
the relations obtained between the model elements (in particular the teacher actions, 
type of communication and cognitions) rather than in the model itself. 
The elaboration of the transcriptions corresponds to the first phase of analysis 
– identifying triggering and terminating events as well as the teacher’s goal (which 
defines if it is an episode of revision, presentation, ...), the type of episode and the 
resource(s) used. After that, the identification of the indicators of beliefs and teacher’s 
knowledge  has  been  done.  The  indicators  of  beliefs  of  each  type  of  episode 
correspond to the intersection of the ones identified in all of them, and the knowledge 
corresponds to the correspondent union of all the knowledge components in every 
episode of the same kind. After all the model was build a macro analysis to each type 
of episode was done to determine the relations between the model components, which 
allows us to try to understand their influence in teacher’s practice.  
Some findings 
From  the  modelling  process,  and  concerning  the  type  of  episode  under  analysis 
(presenting the content in a unidirectional way, for the whole class using the board), 
the teacher fulfils her goal (to present the content) through a set of actions. As it is an 
episode in which the teacher’s goal is to present the content and by that use the board, 
two of her actions are directly related to that goal. These are: the action of presenting 
the content, and the one of writing on the board. In all the episodes where her goal is 
to present some content, the actions of clarifying and reviewing are also included.  
The way the teacher actually acts is related to the type of communication she uses, 
because the same kind of action may guide the teaching process in different ways, the 
type of communication being the more powerful source (associated to the actions) of 
information about the teacher’s beliefs. When analysing the indicators of belief, we 
obtained a set of them related to the methodology (TR5 – no use of manipulative 
materials – and TR3– the main source of information for the students is the teacher 
and the textbook), to the teacher’s role (TT26-29 – the teacher organizes the contents 
of  the  learning,  which  is  transmitted  by  means  of  exhibition,  using  organised 
strategies that can look attractive – and TT30 – the teacher is the one who validates 
the  information),  to  the  learning  process  (TR16/TT16  –  the  interaction  between 
teacher and students is not balanced, is stronger in the direction teacher-students) and 
also to the learning process (TT14 – the teacher presents the content simulating its 
construction, but the true learning is supported by him/her in a deductive process). It Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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is important to recall that these indicators correspond to the intersection of all the 
identified indicators in all the episodes of the same kind. 
Concerning  knowledge,  the  teacher  evidences  some  of  the  components 
transversally, in the entire episode and others more related to a specific action (lines 
of the transcription). Transversally the teacher evidences a CCK, SCK and a KCT. 
The CCK is related to the fact of knowing how to represent, numerically, decimal 
numbers and in particular ten thousandth; the SCK concerns the fact of knowing the 
properties of writing numbers in the orders table (in particular one thousandth and ten 
thousandths), knowing how to read numbers by orders and that each order correspond 
only one value; the KCT is related to the need of the pupils to pay attention because 
this is the only way they will be able to answer the questions, and show what they 
have learnt, and is also related to the fact that the teacher considers that the board and 
the mini-presentation, associated to a unidirectional communication, are adequate to 
present this content (write hundredth and thousandth in the orders table). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Illustration 0 – Relations between actions, beliefs (indicators) and knowledge in an episode of presenting 
the content: how to write hundredth and thousandth in the orders table.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Goal: To present how to write hundredth and thousandth in the orders table. 
CCK – Know how to represent, numerically, decimal numbers and in particular ten thousandth. 
SCK  –  Know  the  properties  of  writing  numbers  in  the  orders  table  (in  particular  one  and  ten 
thousandths); know how to read numbers by orders and that to each order corresponds only one value. 
KCT – The teacher considers that the pupils must take attention because that’s the only way they may 
answer the questions and show what they have learn, and is also related with the fact that the teacher 
considers that the board and the mini-presentation, associated to a unidirectional communication are 
adequate to present this content (write hundredth and thousandth in the orders table). 
 
KCS – The teacher considers 
that it’s important that the 
students represent ten 
thousandth in the orders table 
(even when they are wrong) 
because in that way they can fill 
their knowledge gap in that 
point 
KCT – The teacher considers 
that the students verbalize what 
has been done, because that way 
they can overcame the 
difficulties and make evident the 
learning made 
KCT – The teacher considers 
important to make a 
correspondence between the 
painted part of a picture and its 
numerical representation using 
the table orders 
KCS – The teacher considers 
important to understand the 
student’s difficulties in 
representing ten thousandth in 
the orders table, and the ways of 
overcoming those difficulties 
T talk to students 
and writes on the 
board the initials of 
the orders 
TR5 (Methodology) – Manipulative 
materials are not used.  
TR3 (Methodology) – The main 
source of information for the students 
is the teacher and the textbook 
TT26-29 (Teacher’s role) – The 
teacher organizes the contents of the 
learning, which is transmitted by 
means of exhibition, using organised 
strategies that can look attractive.  
TT14 (Learning process) – Although 
learning may/can start from 
observation of an inductive process 
(the teacher presents the contents 
simulating its construction), the true 
learning has to support itself in a 
deductive process.   
T (...) presents how 
to write a 
thousandth in the 
orders table; how to 
write ten thousandth 
in the orders table 
T (...) reviews how 
to write numbers in 
the orders table; the 
properties of the 
orders table 
TT30 (Teacher’s role) – The teacher 
is the one who validates the ideas 
mobilized in class, putting questions 
to students whose answers lead to 
self-correction (In reality this is 
hidden correction done by the 
teacher). 
TR16/TT16 (Learning process) – 
The students interact with the 
contents and the teacher, he or she 
being the ultimate intermediary 
between the content and the pupil. 
The interaction produced between the 
teacher and the student is not a 
balanced one, there being a stronger 
flow in the direction of 
teacher-students, rather than the 
reverse.   
T (...) clarifies how 
to write numbers in 
the orders table; 
what has been 
written in the orders 
table, by reading it Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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The knowledge components related to specific actions, in this case associated 
to the line transcriptions, concerns the KCT and the KCS. Concerning the KCT; from 
the analysis and the informal talks, we can say that the teacher considers it important 
to make a correspondence between the painted part of a picture and its numerical 
representation using the table orders, and also that the students verbalize what has 
been done, because that way they can overcame the difficulties and make evident the 
learning  made.  With  respect  to  the  KCS,  the  teacher  considers  it  important  to 
understand the student’s difficulties in representing ten thousandth in the orders table, 
and  the  ways  of  overcoming  those  difficulties;  he/she  also  considers  that  it  is 
important that the students represent ten thousandth in the orders table (even when 
they are wrong), because in that way they can fill the gap in their knowledge at that 
point. 
In Illustration 1 above, the relations between the teacher’s actions, knowledge 
and  beliefs  (indicators)  are  presented.  The  (...)  must  be  substituted  by:  talks  to 
students  and,  in  a  unidirectional  way,  by  using  the  board.  As  the  knowledge 
components are directly related to the teacher specific goals, I refer explicitly to what 
these specific goals are in each situation. The actions of presenting and clarifying 
occur twice in this episode and the two specific goals and knowledge are presented 
together.     
Discussion and final comments 
The previous illustration intends to evidence the kind of relations obtained from the 
analysis,  but  I  must  note  that  in  a  two-dimensional  representation  we  can  hardly 
represent all of them due to their degree of complexity. The relations presented on the 
left side, between actions and indicators of beliefs, are general relations which occur 
in  all  the  episodes  in  which  the  teacher  presents  a  certain  content  using  a 
unidirectional communication. In all the episodes some actions are, and consequent 
associated  beliefs,  assuming  the  main  role  in  the  teachers’  practice.  These  are 
considered to be activated with priority. In this category of episode the main role is 
assumed  by  the  action  of  presenting  the  content  and  by  an  indicator  of  beliefs 
concerning the learning process (TT14). 
The right side corresponds to the knowledge components which depend on the 
teacher specific goals and are then associated to a specific part of the class. Some 
knowledge components are related to two distinct actions which also evidences the 
complexity of the teaching-learning process. Another of those evidences is the fact 
that these actions do not occur always in the same order, neither need they all to occur 
in all the episodes of this kind, but at least the actions of presenting and writing on the 
board must occur for an episode to be considered similar to this one (which has the 
same category of goals). 
From the elaboration and analysis of the cognitive model, we can say that the 
teacher’s beliefs are consistent with her actions and goals. They arise from practice 
and sometimes explicitly from the informal talks before and after the class. This kind 
of analysis allows us to obtain a wide understanding of the teacher’s practice and, if it 
is done by the teacher him/herself, it may be a first step to being aware of their own 
cognitions and their role in the way they face the teaching process. It may ultimately, Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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on reflection (Schön, 1983), lead to a sustainable change in their practices. It can even 
attain a higher pattern of reflection and, by that, open up the teachers’ range of vision 
about all the different possibilities and approaches, if this kind of discussion is based 
on the mathematical critical moments identified by the teacher in his/her own practice. 
From the kind of information gathered through this analysis, such an analysis 
may  also  be  used  in  professional  development  programs  or  in  the  sphere  of 
collaborative groups, as a way for teachers to become aware of their own cognitions 
and actions and the way they influence their practice. This would be our next step. 
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Practitioner Use of Graphing Software to Teach about Algebraic Forms 
Kenneth Ruthven, Rosemary Deaney and Sara Hennessy 
University of Cambridge, Faculty of Education 
From analysis of teacher-nominated examples of successful technology-
supported practice in secondary-school mathematics, the use of graphing 
software  to  teach  about  algebraic  forms  was  identified  as  being  an 
important archetype. Such practice was investigated through case study 
employing evidence from lesson observation and teacher interview. The 
practitioner model developed in earlier research (Ruthven and Hennessy, 
2002;  2003)  provided  a  framework  for  synthesising  teacher  thinking. 
Further  analysis  highlighted  the  crucial  part  played  by  teacher 
prestructuring  and  shaping  of  technology-and-task-mediated  student 
activity. Moreover, this indicated how, in appropriating the technology, 
teachers  modify  their  classroom  practice  and  develop  their  craft 
knowledge. 
Introduction 
This paper develops a line of research on the incorporation of computer-based tools 
and  resources  into  the  mainstream  practice  of  mathematics  teaching  in  secondary 
schools. This line began by building a generic model of the terms in which teachers 
regard such incorporation as being successful (Ruthven and Hennessy, 2002; 2003). It 
has subsequently sought to identify and examine particular forms of professionally 
well-regarded practice; this paper reports on an archetypical use of graphing software.  
Design and method for the study 
Recommendations from professional leaders and evaluations from school inspections 
were triangulated in order to identify subject departments in state-maintained schools 
that were regarded as successful both in terms of the general quality of their practice 
and  their  use  of  computer-based  tools  and  resources  within  it.  To  identify  what 
practitioners themselves regarded as successful practice, focus group interviews were 
then conducted with each of these subject departments. In these interviews teachers 
were invited to nominate and describe examples of successful practice involving use 
of computer-based tools and resources. From the interviews with eleven mathematics 
departments, use of graphing technology was identified as a successful established 
practice, favourably mentioned in all the departments, and selected as a nominated 
example  in  seven,  with  graphing  software  generally  preferred  over  graphic 
calculators. However, outside advanced courses, use of this technology still proved 
relatively infrequent, occurring on no more than a handful of occasions per school 
year with any particular class. The mathematical topics which were most frequently 
cited were linear equations (nominated in six departments, and mentioned in four 
more) and quadratic equations (nominated in only one department, but mentioned in 
four more, all of which nominated linear equations). The use of graphing technology 
to treat such equations also featured prominently in official curricular and pedagogical 
guidance, and lessons of this type were cited favourably, both in reports of individual Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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school inspections, and in a national report on the impact on secondary mathematics 
of government ICT initiatives in schools. 
Available  project  resources  made  it  feasible  to  follow  up  only  a  limited 
number  of  cases.  Given  the  relatively  few  differences  in  the  forms  of  graphing 
practice  that  teachers  described,  and  that  graphing  software  (rather  than  graphic 
calculator) was clearly teachers’ preferred technology, we followed up two cases of 
this  type  which  provided  some  degree  of  contrast  in  approach.  Other  important 
considerations were that the teachers concerned had already provided quite full and 
thoughtful accounts during the focus group interviews, and that two lessons could be 
observed with each teacher (coded as teachers A and B), one on linear forms (coded 
as lesson 1) and the other on quadratic (lesson 2).  
Detailed  observation  records  were  made  of  each  lesson,  incorporating  a 
transcript  of  the  main  episodes,  integrated  with  further  observational  material 
including  copies  of  resources  used  and  records  of  graphs  displayed.  Post-lesson 
interviews  were  conducted  with  teachers  after  each  observed  session.  These  were 
organised around a standard sequence of printed cards asking teachers about their 
thoughts, first while preparing the lesson (what they wanted pupils to learn; how they 
expected  use  of  the  technology  to  help  pupil  learning);  then  looking  back  on  the 
lesson  (how  well  pupils  learned;  how  well  the  technology  helped  pupil  learning; 
important things that they were giving attention to and doing). The resulting file for 
each  lesson  was  first  analysed  to  create  a  lesson  summary  outlining  working 
environment, resource system, lesson agenda, and activity structure, followed by the 
main  lines  of  pedagogical  thinking  reported  by  teachers.  An  analysis  was  then 
conducted across lessons and teachers, employing the broad themes from the compact 
version  of  the  ‘practitioner  model’  developed  in  earlier  research  (Ruthven  and 
Hennessy, 2003). 
A practitioner model of how graphing software helps teaching of algebraic forms 
The  themes  from  the  earlier  study  provided  a  useful  organising  framework  for 
synthesising the thinking reported by teachers in association with each lesson, making 
it possible to elaborate a practitioner model of the contribution of graphing software 
to the teaching of algebraic forms, grounded in the observation and interview data 
from this study.  
Teacher accounts of all the lessons made reference to various aspects of the 
theme  of  Effecting  working  processes  and  improving  production,  suggesting,  for 
example, that the software made it possible to produce graphs “extremely accurately 
and  extremely  quickly”  [B1],  making  “doing  the  activity  an  awful  lot  easier  and 
quicker and more efficient” [B2], so that – in terms of time economy – students could 
“move  through  everything  at  a  much  quicker  pace”  [A2],  allowing  a  topic  to  be 
addressed  in  only  a  single  lesson  [A1;  B1].  In  the  lower-  and  average-attaining 
classes, this also helped make tasks accessible to students who would have found 
“organisation and presentation challenging” [B1] and would “have really struggled” 
[A1], echoing aspects of Overcoming pupil difficulties and building assurance.  
These factors also underpinned some aspects of the theme of Enhancing the 
variety and appeal of classroom activity, in terms of the use of graphing software 
making lessons less “laborious” [A1; B1; B2] and less dependent on pencil-and-paper 
work [A2; B1], and increasing the immediacy and interactivity of tasks [A1]. For the 
higher-attaining classes, the teachers also talked of the potential of using technology 
to make tasks more “challenging” [A2] or “demanding” [B2] in mathematical terms. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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With the lower-attaining class, technology was used to give students who “wanted to 
get the right thing in front of the class” [A1] the frisson of a very immediate and 
public test, by getting them to come out and check their proposal through using the 
software on the projected computer.  
In relation to Fostering pupil independence and peer exchange, both teachers 
reported  or  were  observed  allotting  short  periods  for  playful  exploration  of  the 
software by students, and for consequent sharing of discoveries [A1; A2; B1; B2]. 
Equally, for their higher-attaining classes, the teachers talked of using the technology 
to support “exploration” [A2] of more “open ended” tasks [B2], in which students 
“have their own control over the situation” [B2] and are “investigating, exploring, 
almost on their own” [A2]. Comparing her two lessons, Teacher A commented that 
she  gave  her  higher-attaining  class  “more  open-ended  questions”  to  which  they 
responded through “a text box on [their] graph to explain what differences [they had] 
seen”, whilst her lower-attaining class were asked “much more particular questions” 
and “had a sheet to put very definite answers on… to focus them in”. However, in the 
lower-attaining class [A1] as well as the higher-attaining classes [A2], when students 
came  up  with  mathematical  ideas  going  beyond  the  lesson  agenda,  she  supported 
them in “go[ing] off at a tangent” [A2]. The contrast that Teacher B drew between the 
framing of tasks for her average- and higher-attaining classes was less strong: the 
former “had a very specific task”, whereas the latter “had to do a slightly more open-
ended task”. She too was observed supporting students in going beyond the lesson 
agenda [B2] in a way which, as she pointed out, was only possible because of the 
availability of the graphing software. 
Teachers’ encouragement of informal exploration of the graphing software, 
and their assistance to students using it to engage in mathematical speculation and 
experimentation  beyond  the  lesson  agenda,  also  evidences  how  they  saw  this 
technology as a means of Supporting processes of checking, trialling and refinement. 
In both her lessons (suggesting that this had become part of her curriculum script), 
Teacher A posed the same speculative question about lines sloping in an opposite 
way,  leading  to  a  similar  trialling  episode  being  inserted  into  a  conventional 
investigation [A1] and an introductory review [A2]. Likewise, the ‘target practice’ 
tasks in both of Teacher B’s lessons (with the explicit linking of them [B2], indicating 
both a developing curriculum script, and an emerging activity format tailored to this 
type of topic) were conceived more broadly as examples of ‘trial and improvement’ 
[B1], dependent on feedback from the graphing software as to whether the graph of a 
‘trial’ expression actually passed through the ‘target’ point which had been set. With 
the younger class, this required the teacher to renegotiate norms with students who 
were hesitant about the legitimacy of trialling [B1]; with the older class, the socio-
mathematical agenda had moved on to developing habits of prediction and reflection 
to scaffold trialling processes [B2]. 
Finally,  in  terms  of  the  theme  of  Focusing  on  overarching  issues  and 
accentuating important features, the teachers talked of how use of graphing software 
helped students to “get to grips with” [B2], “get an idea of” [B1], or “see straight 
away” [A1] the effect of altering a coefficient in the equation on the properties of its 
graph. Likewise, the teachers highlighted particular software devices which facilitated 
apprehension of equation/graph matching [A1; B1], comparison of gradients [A1], 
and  examination  of  limiting  trends  [A2].  Nevertheless,  teacher  management  and 
guidance also played an important part in helping students to gain such insights. In 
relation to one of the ‘target practice’ tasks, for example, key actions of Teacher B 
included constraining the type of expression to be graphed [B1], drawing attention to Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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the equivalence of expressions [B1], and pressing students to seek further equations 
so as to generate graphs which were “steeper or shallower or sloping in the other 
direction” [B1]. Likewise, in both her lessons, Teacher A reported actively checking, 
and if necessary developing, students’ understanding of the relationship between the 
equation of a graph and the coordinates of points lying on it [A1; A2], and prompting 
students to attend to the key mathematical properties which investigations aimed to 
establish [A1; A2]. 
The significance of instrumental induction, task design, and teacher mediation 
Sensitised by literature review and wider theory in the field to aspects of teaching 
practice which remained largely tacit in this model, further key issues were examined. 
Analysis of ‘institutional’ and ‘instrumental’ aspects of tool use (Artigue, 2002) has 
developed  in  response  to  difficulties  encountered  with  the  educational  use  of 
sophisticated  technologies  designed  for  use  by  professional  mathematicians.  It 
provides a conceptual framework for analysing the process through which students 
(and  indeed  teachers)  progressively  appropriate  a  material  artefact  to  create  a 
mathematical instrument. Graphing software, however, has been explicitly designed 
for  educational  use.  The  teachers  described  the  packages  they  were  using  as 
“instinctive” [B] and “user-friendly” [A&B]. They identified several aspects of the 
user  interface  which  made  the  software  readily  accessible  and  interpretable  by 
students  (contrasting  the  software  favourably  with  graphic  calculators  in  many  of 
these respects): the clearly labelled scales [A&B] and the gridlines in the background 
to assist comparison of gradients [A]; the ‘hand’ tool for dragging the image to view 
sections  of  the  graph  outside  the  original  display  [A];  the  colour  coding  which 
associated  particular  equations  with  their  graphs  when  several  were  displayed 
simultaneously [A&B]; the acceptability of expressions defined in the form x= as well 
as y=, and defined implicitly as well as explicitly [A]. Nevertheless, however much 
these graphing packages had been “designed to do things easily” [B], the teachers still 
played an important role in inducting and supporting students into use of the software 
for mathematical purposes.  
Both teachers followed a dual approach to establishing a collective repertoire 
of instrumented graphing techniques. Prior to undertaking a classroom task involving 
graphing, unless the teachers had confidence that the core techniques required were 
already familiar to the class [B2], they introduced [A1; B1] or reviewed [A2] them. 
More serendipitously, they also allotted short periods to playful exploration of the 
software by students, and to subsequent sharing of new possibilities [A1; A2; B1; 
B2]. Supporting and developing use of the software was also an important dimension 
of teacher interaction with students while they were working on tasks. In the observed 
lessons, teachers guided basic operation of the software, prompted strategic action 
with  it,  and  supported  mathematical  interpretation  of  its  results.  Teacher  actions 
included: explaining how to enlarge a target point to make it more visible [B1], and 
how to enter x
2 in the equation editor [B2]; helping students to understand why the 
software had produced a horizontal line rather than the expected sloping one (as a 
result of entering y=5+4 rather than y=5x+4) [B1], or a straight line rather than the 
expected curve (as a result of entering y=x+2
2 rather than y=(x+2)
2) [B2]; prompting 
students to drag the displayed image to expose more of a particular graph [A1], or to 
pursue the limiting trend of a graph [A2]; and prompting students to zoom out on the 
displayed  image  of  0.00000009x
2+x+1  to  test  whether  it  was  a  straight  line,  and 
introducing the comparison with 0x
2+x+1 [B2].  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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Likewise,  the  structuring  of  lesson  tasks  through  prepared  materials  and 
teacher intervention was crucial in realising many of the benefits attributed to using 
the graphing software. Essentially, whatever task format was adopted, the learning 
goal  of  these  lessons  was  to  induct  students  into  an  accepted  mathematical 
organisation of the multimodal systems constituted by equations of the types y = mx + 
c or y = ax
2 + bx + c and their graphs. Achieving such an organisation depends on 
managing  the  double  semiotic  of  the  system  through  coordinating  algebraic  and 
geometric registers, while also managing its multi-dimensionality through isolating 
phenomena and controlling variables.  
Within the lessons observed in this study, the investigation tasks (and indeed 
the  lesson  expositions)  employed  by  teachers  were  largely  successful  –  through 
sequencing  and  patterning  example  types  and  sets  –  in  providing  a  logical 
decomposition  of  the  multimodal  mathematical  system  under  consideration.  For 
example,  one  quadratic  investigation  specified  four  groups  of  quadratic  functions 
(such as y = x
2,
   y = x
2 + 2, y = x
2 – 2, y = (x + 2)
2, y = (x – 2)
2) and suggested 
examining cuts on the axes, extreme values, and lines of symmetry, to explore what 
the graphs in each group had in common [A2]. It is this didactical organisation of the 
topic which underpinned the use of graphing software to help students grasp the effect 
of altering a coefficient in the equation on the appearance of its graph. Nevertheless, a 
breakdown in such organisation emerged in the other quadratic investigation when 
students failed to formulate the intended property of the coefficient b from the family 
of  forms  selected  to  exemplify  it  [B2].  Lacking  the  same  level  of  didactical 
organisation, however, the ‘target practice’ tasks called for much higher levels of 
teacher mediation. This emphasises that graphing software and lesson tasks form a 
resource  system,  in  which  the  technology’s  contribution  to  supporting  learning  is 
powerfully conditioned by task structuring. 
The adaptation of teaching practices and the development of craft knowledge 
Developing a coherent resource system incorporating the use of graphing software 
required teachers to extend their practice in several ways. They developed strategies 
both to familiarise students with (and later to review) core techniques for using the 
software, and to allow students to explore (and then to share their discoveries of) a 
wider range of technical possibilities. They devised or appropriated suitable tasks and 
supporting textual materials to underpin classroom activity that employed computer 
graphing to investigate the topic of algebraic forms. As illustrated earlier, they were 
also developing a repertoire of strategies to support students in tackling these tasks, 
concerned  not  just  with  guiding  software  operation,  but  with  prompting  strategic 
action, and supporting mathematical interpretation.  
In terms of activity structure, teachers suggested that use of graphing software 
made  investigative  lessons  more  viable.  Moreover,  the  availability  of  projection 
facilities permitted all the investigative lessons observed in this study to be organised 
within an activity structure in which episodes of individual or paired student activity 
at workstations were interleaved with whole-class activity, concluding with plenary 
review. Moreover, the emergent type of ‘target practice’ task was associated with a 
rather different activity format for individual or paired student work, capitalising on 
the  interactivity  of  the  software  to  centre  activity  around  a  process  of  trial  and 
improvement. Likewise, both teachers had adapted the whole-class exposition and 
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immediate feedback on student predictions, for example by students ‘taking the stage’ 
to use the projected computer to test their suggestions. 
These preceding elements of adaptation were interwoven in the development 
of teachers’ curriculum scripts for the topic of algebraic forms, as evidenced in the 
lesson agendas they formulated, and in the detail of their classroom action (including 
interaction) during the observed lessons. On the basis of explicit comment by teachers 
or recurrent patterns of teacher action some of these examples clearly represented 
mature developments in teachers’ curriculum scripts for the topic. Other examples 
provided evidence of teachers extending their repertoire of approaches to supporting 
students  and  (re)directing  them  towards  desired  states,  intended  responses  and 
resultant learning. This included teachers’ capacity for reactive teaching in response 
to new types of student initiative made possible by the graphing software. 
Conclusion 
This study has shown how the general themes of the practitioner model of successful 
classroom practice (Ruthven and Hennessy, 2002; 2003) provide a useful organising 
framework  for  synthesising  teacher  thinking  about  the  contribution  of  graphing 
software  to  the  teaching  of  algebraic  forms.  Further  analysis  has  highlighted  the 
crucial  part  played  by  teacher  prestructuring  and  shaping  of  technology-and-task-
mediated student activity in realising the ideals of the practitioner model. Although 
teachers consider graphing software very accessible, successful classroom use still 
depends on their inducting students into using computer graphing for mathematical 
purposes, providing suitably prestructured lesson tasks, prompting strategic use of the 
software  by  students,  and  supporting  mathematical  interpretation  of  the  results. 
Accordingly,  this  study  has  illustrated  how,  in  the  course  of  appropriating  the 
technology,  teachers  adapt  their  classroom  practice  and  develop  their  craft 
knowledge:  establishing  a  coherent  resource  system  incorporating  the  software, 
adapting activity formats to exploit interactive possibilities, and extending curriculum 
scripts to encompass classroom graphing by machine; in particular to prestructure 
students’  technology-and-task-mediated  activity  and  then  to  shape  it  reactively 
through prompting strategic action and supporting mathematical interpretation. 
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Choosing more mathematics: happiness through work? 
Cathy Smith 
Homerton College, Cambridge & IPSE, London Metropolitan University. 
This  paper  describes  research  with  A  level  mathematics  students  in 
schools  which  offer  the  opportunity  to  study  with  the  Further  Maths 
Network.  Using  evidence  from  observation,  interviews  and  e-mail 
questionnaires, I examine how the students use the discursive positionings 
of mathematics and further mathematics  students within their work on 
identity: what Foucault calls their ‘practices of the self’. I focus on how 
they negotiate the contemporary requirement to be happy.  
BSRLM Keywords: Further mathematics, poststructuralism, affect. 
Introduction 
Low  and  declining  participation  in  advanced  mathematics  is  a  matter  of  recent 
concern  in  England  and  Wales.  Mathematics  is  promoted  by  the  government  as 
crucial  for  personal  success  and  economic  growth,  but  the  proportion  of  A-level 
students taking the subject is not growing (QCA 2006). Further mathematics A-level 
extends the advanced maths curriculum leading to a second AS or A2 qualification. 
Historically, it has been taken by academic achievers preparing for mathematically 
demanding degrees, and has a gatekeeper role in enabling “students to distinguish 
themselves  as  able  mathematicians  in  the  university  and  employment  market” 
(FMNetwork).  Participation  in  further  mathematics  declined  steeply  in  the  1990s 
because  of  changes  in  the  post-16  curriculum,  the  availability  of  mathematics 
teachers, and student choice patterns. The Further Maths Network (FMN) was set up 
in  2005  to  promote further  maths  A-level  and provide  tuition  for  students  whose 
schools could not. Participation is now increasing, with the greatest growth in state 
schools (Searle 2008). FMN students typically take further maths as a fourth or fifth 
subject, attending one 2 hour after-school lesson per week taught by a visiting FMN 
tutor.  In  contrast  A-level  maths  has  four  hours per  week  in  the  school  timetable. 
Differences in how maths and further maths are located within spatial, temporal and 
social practices of schooling (Beard, Clegg, and Smith 2007) produce different tools 
and tensions for constructing student identities. 
This paper reports findings from my doctoral research which explores how 
students account for their choices to do - or not to do - more mathematics. I draw on 
interviews and e-mail questionnaires with FMN students to examine the relationships 
that  students  construct  between  happiness  and  work  and  how  they  manage  the 
institutional positionings of modern subjectivity and continuing with mathematics.  
Theoretical Framework 
The relationship between happiness and work is central to what Foucault (1990) calls 
‘practices of the self’: the knowledges and processes that inscribe what it means to be 
a successful individual within a particular history or culture. Practices of the self 
establish  the  norms  and  means  by  which  people  explain  themselves,  govern Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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themselves, and engage with others. In modern society, life is structured as a set of 
present  and  future  choices  that  position  the  individual  economically,  socially  and 
psychologically  (Rose  1990).  The  cultural  practices  that  represent  choices  as 
individual also represent individuality as experienced through autonomy. Choices are 
seen  as  realizations  of  the  attributes  of  the  choosing  person.    Individuals  are 
constrained to choose and are personally responsible for all the outcomes of those 
choices. Some outcomes are economic, such as choosing to work in subject areas that 
enable access to financial rewards; some are psychological, such as being happy.  
Modernity positions the individual as the centre of control through strategic 
institutional practices that govern populations through self-governance (Rose 1999). 
One such strategy merges aspects of the self that could otherwise be considered as 
coming under distinct structural influences. Happiness and work are two such aspects: 
they are represented as ‘naturally’ opposed while at the same time being brought 
together in the construction of the modern autonomous adult. Weber deems a personal 
ethic of life-long work to be “irrational” from the “viewpoint of personal happiness”, 
so that “a long and arduous process of education” (1930, p62) is necessary to form 
individuals within the ‘spirit of capitalism’. In our modern society, Rose (1990, p119) 
traces how schools, workplaces and communications media have become increasingly 
structured by “institutional technologies” that equate work for oneself with work on 
oneself and success with happiness: 
There is no longer any barrier between the economic, the psychological, and the 
social. The antithesis between managing adaptation to work and struggling for 
rewards  from  work  is  transcended,  as  working  hard  produces  psychological 
rewards and psychological rewards produce hard work.  
Schools draw on these discursive understandings to position A-level students 
as maturing adults, beginning to choose individual life-trajectories that combine work 
and happiness. Choice does not happen just once in selecting a subject to study but 
repeatedly  presented  as  opportunities  to  renew  engagement  -  such  as  progress 
reviews, revision sessions, module retakes. In each of these choices students must 
engage  with  institutional  representations  of  successful  students  as  those  who  can 
transform maths work into happiness. Conversely, unhappiness is equated with failure 
at maths and with having failed to choose appropriately for oneself; the imperative is 
to choose again and differently. 
School  practices  construct  privileged  knowledges  about  what  it  is  to  be  a 
mathematics student and to be a knowing autonomous subject. They also structure 
how individuals can relate to such discourses: who can be positioned as powerful and 
who  can’t,  which  ways  of  describing  experience  are  legitimate  and  which  aren’t 
(Foucault 1991). These are also the same practices that students can and must use to 
position themselves as agentic. From this theoretical perspective, work and happiness 
are not measurable attributes of individuals but discursive tools that students make 
use of to explain themselves and their choices. Thus my study does not focus on 
whether  individual  maths  students  are  able  to  combine  work  and  happiness  in 
structurally deterministic ways. Instead I acknowledge agency and consider how they 
make  claims  about  work  and  happiness  in  narrating  their  personally  constructed 
experiences of further maths. 
School framings are contested because competing discourses exist and involve 
different positions of power. Two important examples are the common adolescent 
discourses typified as ‘effortless achievement’ and ‘uncool to work’ (Jackson 2006). 
These  produce  work  and  happiness  as  opposed  and  construct  individuality  as 
requiring  autonomy  but  this  is  achieved  through  resistance  to  school  practice. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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Students  are  thus  positioned  and  position  themselves  within  multiple,  overlapping 
discourses, but they can adopt, adapt, adjust and resist those positionings (Skeggs 
1997). The differences in how individuals account for themselves as managing work 
and  happiness  help  to  identify  which  experiences  matter  in  being  able  to  sustain 
identities as further maths students – so they help us to understand who succeeds at 
and who wants to carry on with maths. 
Method 
The  data  is  drawn  from  interviews  and  subsequent  e-mail  questionnaires  with 
seventeen students in two schools. The initial selection was pragmatic: schools in 
eastern England with viable groups studying AS with the FMN. One school, in a 
small market town, had not offered further maths for some years, and had just joined 
the FMN. The other school, in a large city, used the FMN to cover a teacher shortage 
for one year only. Both schools offered further maths to all their maths AS students, 
each class starting with about 10 students. My interviews took place late in year 12, 
when there were seven students in each class: 3 male and 4 female in one, 6 male and 
1 female in the other. I also interviewed 3 students who had chosen not to study 
further maths. This table shows my participants’ profiles of maths and further maths: 
A-levels:  Further Maths 
Maths  None  AS  A2 
AS  1  1 (FMN)  - 
A2  2  5 (FMN)  4(FMN) + 4 (FMN/school) 
Of the 17 participants, one described his ethnicity as Indian, one as Mixed-
Asian/White and the others as White. All these students were middle-class based on 
reported  parental  occupations  and  education,  although  their  accounts  of  family 
guidance and expectations of higher education varied widely and included the student 
autonomy associated with  working-class families (Ball, Maguire, and Macrae 2000).  
During the semi-structured interviews I asked about choosing AS subjects, 
about images or memories of learning mathematics, how their class usually interacted 
in further maths and maths lessons and how they personally had worked on a maths 
topic.  Students  also  selected  prompts  from  a  list  of  twelve  adjectives  (such  as 
talkative,  warm,  painful)  to  describe  what  school  subjects  were  and  were  not.  I 
analysed the data by selecting any statement which described or explained happiness, 
work, and any negations such as pain. I reviewed the coded text to summarise how 
and  in  what  contexts  individual  students  related  work  and  happiness,  and  then 
reorganised the data by emerging themes.  
Turning work into happiness 
Overall, students modified the natural opposition of work and happiness: working is 
an unhappy experience but work that can be completed makes you happy. Students 
associated work with unhappiness when it was wasted because it did not bring the 
grades, success or understanding they desired. More frequently, unhappy situations 
were ones that threatened to exceed expected limits or where success was uncertain. 
For example working on exercises with no answers or without a source of help were 
cited as painful and frustrating. The third source of unhappiness  was when work 
conflicted  with  strategies  to  show  achievement  without  effort,  for  example  when 
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Students described enjoying maths work in lessons when they interacted with 
others at the same time as working: We all get on, we have a laugh. We talk, we do 
the  work.  It  was  much  rarer  for  them  to  describe  individual  or  homework  as 
enjoyable. Some students did associate solitary work with happiness, describing being 
absorbed in a task, feeling safe and warm and that they could make progress. Others 
separated enjoying the subject from enjoying any specific work processes: I just enjoy 
maths. Making such claims about the self uses mathematics as a source of analogies 
for  identity  construction  (Mendick  2006).  These  students  downplayed  emotional 
reactions to maths work, with its potential for unhappiness described above. Instead 
they located their enjoyment as a personal quality. Maths work is thus part of the 
project of the self which is expected to be ongoing, limitless and aimed at happiness. 
Students who made such claims were also understood to be ‘good at maths’. 
I now turn to two linked themes that ran through the descriptions of maths and 
further  maths  practices,  that  underpinned  students’  explanations  of  how  maths 
differed from further maths and how working can be experienced as happiness. 
Stability over time  
Students accounted for their choices of maths A-level in terms of enjoyment, ability 
and,  to  a  lesser  extent,  utility.  These  are  linked:  the  utility  of  maths  gives  it  a 
recognized exchange value and students enjoyed claiming ability in a valued subject. 
A recurrent theme that allowed students to express this enjoyment and also to describe 
their experiences of A-level work was the construction of maths as being stable over 
time. Stability allowed students to connect schoolwork with happiness, using time as 
the  link.  Feeling  happy  about  their  maths  work  in  the  present  justified  them  in 
predicting  future  success,  while  this  confidence  in  future  success  made  them  feel 
happy  about  the  present  work.  Describing  this  relationship  in  terms  of  individual 
qualities  such  as  confidence  and  enjoyment  helps  students  mark  themselves  as 
autonomous in mathematics. 
Stability works over different time-scales. Over a life-trajectory, maths and 
further maths were represented as subjects of lasting value in the technological world 
and as qualifications. Students described their own maths ability and enjoyment as 
individual  qualities  that  had  persisted  and  matured.  This  stabilised  their  hold  on  
powerful positions associated with advanced maths, for example being clever. Maths 
was also represented as stable on shorter time-scales relevant to school practices, but 
here further maths differed. In maths, students described safe, straight progress from 
lesson-work  to  homework,  from  teachers’  examples  to  students’  follow-up  work, 
revision to exam, and year to year. However, the pace of further maths teaching meant 
students could not be sure that success in current work would bring success in the 
future. Charly (female, A2 FM) described a comfortable experience of ‘normal’ maths 
based on her claim that “even if I can’t do it I still feel comfortable about the fact that 
I  will  be  able  to  do  it”.  Further  mathematics  practices  don’t  enable  her  to  make 
similar claims: “cos in further mathematics like we move so fast, if I can’t do it I 
worry a bit”. Further maths is neither warm nor comfortable, and although Charly 
plays down her ‘worry’, she also contrasts it with the personal certainty she prefers. 
Further maths requires unusual work practices from the students; ones that 
threaten their image as able students. Mario (male, A2 FM) expects to ‘skim’ maths 
lessons, gleaning enough to complete the work, but in further maths “if you don't 
listen for one little bit then you don't know what to do”. For Clive (male, AS FM) 
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current work: “I can do that off the top of my head because we have done it before”. 
Like many others, he enjoys having control over his future revision: “I have just got 
to put my head down a week before the exam, and get it in my head right”. Clive 
limits his academic work for social reasons; he must not be an “all-working boy”. 
This can conflict with completing his further maths work: “I'm not going to sit there 
for two hours thinking; there's no point”; and this is a reason that he stops after AS. 
Maths  is  thus  constructed  as  stable  over  time  within  teaching  practices, 
discourses of rational technology and student accounts. Students use this stability to 
make claims about how they experience work as happiness. Year 12 students did not 
find that further maths work was ever wasted but did find that some of its practices 
threatened the ‘normal maths’ discourse in which students could predict success and 
limit public and private work. This contrast between maths and further maths meant 
that  students  found  tensions  in  positioning  themselves  as  happy  in  both  subject 
practices. They may then give up further maths, or they may find ways to reconfigure 
its  instability  while  retaining  autonomy.  Mario  did  exactly  this  when  he  found  a 
positive  in  having  to  concentrate  in  lessons:  “It's  all  about  independent  learning 
which makes it more difficult”. 
Working with others 
Whereas stability entered into students’ reasons to choose maths A-levels, working 
with others was a theme that appeared in their descriptions of working practices. Both 
maths and further maths were described as talkative subjects. All students represented 
working with others as essentially pleasurable. In this respect maths practices that 
allowed  interaction  are  a  context  for  establishing  agency  and  self-knowledge  in 
relation to other people. For example, students found both power and pleasure in 
helping each other and described this as progress to autonomy. However, working 
with others was not external to learning. Students described it as the best, and, for 
some, the only way for individuals to engage successfully with maths.  
Many  of  the  A-level  teaching  practices  built  social  interaction  into  maths. 
Lessons usually included time for students to work together, they worked on the same 
problems, and were encouraged to seek out and prefer other students' explanations. 
These practices positioned maths as objective but in a world of subjective knowledge. 
Learning  was  seen  as  developing  an  individual  perspective  on  fact:  “If  you  don't 
understand it then you need a different point of view of how to explain it to you.” 
Students described their maths work as shared and public. Whereas ‘creative subjects’ 
enabled them to display individuality, maths enabled students to collaborate without 
criticising others’ opinions. Students linked these practices to happiness; for example 
taking part in the “little argument/ debate things” going on in maths lessons was seen 
as the marker that you “really really enjoy it”. 
Despite  time  pressures  further  maths  lessons  were  also  largely  based  on 
teacher-student talk. Students were very critical of one tutor who allowed “no room to 
openly discuss”, and this stale, painful experience made her give up. Students thus 
experienced  lesson  work  as  collaborative  and  pleasurable  for  both  further  and 
‘normal’ maths. However this discourse constructed the solitary homework required 
by  further  maths  as  a  contrasting  unhappy  experience  given  as  another  reason  to 
leave.  Students  found  ways  to  resolve  the  tension.  Some  restated  their  individual 
commitment to maths, repositioning solitary work as expressing individual interests 
and so pleasurable as a lifestyle career choice (Ball, Maguire, and Macrae 2000). 
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your  own  and  do  it  yourself”  (male,  A2  FM).  Many  more  students  limited  their 
solitary work by scheduling work with others:  
What we usually do is we'll put... We'll sort of work on it ourselves and we'll get 
so far and then stop half way through or three quarters of the way through it. And 
leave some of the questions. Then we'll come in on a Monday and […] we'll sort 
of go through it together, see if we can. (Tom, male, AS FM ) 
Here working with others is combined with scheduling an end to instability. It 
thus avoids the multiple unhappinesses of: solitary work, work that exceeds time-
limits  and  work  that  does  not  progress.  Since  other  people  are  understood  as  the 
means to progress, working together can be used to limit and socialise the work that 
makes students unhappy. From this perspective students are not becoming dependent 
on friends, but are taking over from teachers in creating collaborative learning spaces.  
Implications 
My study takes a setting of FMN teaching and shows how students draw on local 
practices to construct maths as stable and involving collaboration. Stability permits 
maths students to absorb time-related risks within the self; collaboration legitimates 
using  other  people  in  work  on  oneself.  These  constructs  allow  students  to  claim 
personal  qualities  such  as  ability,  confidence  and  control  which  contribute  to 
happiness through self-governance, and thus justify choosing to continue with the 
subject. Further maths involves limited time in lessons and isolated work between 
them so does not always permit students to absorb risks. Some students successfully 
transform work into happiness by changing when and with whom they work; others 
change the meanings they give work. My future research will consider how FMN 
practices could change, either to sustain stability and collaboration or to offer other 
compatible ways of transforming work into happiness. 
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Examining the potential of game-based learning through the eyes of maths 
trainee teachers 
Wee Hoe Tan, Sue Johnston-Wilder and Sean Neill 
Institute of Education, University of Warwick 
This paper reports the findings from a study of 25 maths trainee teachers 
which aims to examine their perceptions of the potential of game-based 
learning.  Findings  show  that  trainee  teachers  realised  the  potential  of 
game-based learning and they are willing to use it in their teaching. A gap 
was identified between academics and game developers—the gap between 
their concepts of engagement. This gap might confuse the production and 
evaluation of game-based learning. 
Introduction  
Game-based learning (GBL) is a form of learner-centred learning that uses 
electronic games for educational purposes. Writers such as Prensky (2007), Quinn and 
Connor (2005) claim that electronic games are relatively more fun, more engaging 
and more motivating to use compared to other contemporary forms of new media and 
therefore have potential in education. Due to this potential, various academic research 
projects  have  been  conducted  to  explore  the  role  of  games  in  education  (e.g. 
McFarlane, Sparrowhawk and Heald 2002) or to explore the educational potential of 
games (Egeneldt-Nielsen 2005, Ke and Grabowski 2007).  
The potential of games, whether they are designed to be educational or not, 
always  relates  to  their  capability  for  engaging  players.  Key  proponents  of  digital 
GBL, Quinn and Connor (2005) claim that the elements of learning and engagement 
of games ‘can be aligned to create a synergy that can be exploited to systematically 
design  compelling  learning  experiences’  (p.2).  To  ‘engage’  means  to  attach  by 
pleasing qualities; to attract, charm or fascinate (Oxford English Dictionary 1989). 
Prensky (2007) identifies twelve characteristics of games and their inherent engaging 
elements,  which  suggest  that  games  give  us  enjoyment  and  pleasure,  intense  and 
passionate involvement, structure, motivation, doing, learning, flow, ego gratification, 
adrenaline, social groups, emotion and spark our creativity. In game playing, there is 
in  the  literature  a  state  called  “flow”  that  represents  the  condition  of  an  engaged 
player. Csíkszentmihályi (1996) defines flow as the mental state of operation in which 
the person is fully immersed in what he or she is doing by a feeling of energised 
focus,  full  involvement,  and  success  in  the  process  of  the  activity.    Although 
academics  do  use  the  term  in  educational  context  (Claxton  2002),  engagement  is 
treated as a scale rather than a state in academia. For example, O’Brien and Toms 
(2008)  define  engagement  as  the  ability  of  a  computer  application  to  initiate  and 
sustain users’ attention and interest over a period of time by providing adequate levels 
of aesthetic and sensory appeal, feedback, challenge, control, novelty, customisation, 
and motivation. 
This study aims to examine the perceived potential of GBL among secondary 
mathematics trainee teachers at the end of their one year Postgraduate Certificate of 
Education  (PGCE)  training  in  Warwick  Institute  of  Education.  It  addresses  the 
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- What ideas would trainee teachers generate about the potential of GBL? 
- What would the justification for their choice of their top ranked GBL idea 
be? 
- What would the self-evaluation of their justification be? 
Methodology  
25 Secondary Mathematics trainee teachers participated in this study in July 2008. 
They  were  selected  at  the  time  of  the  launch  of  the  Bowland  Maths  materials 
(National Centre for Excellence in the Teaching of Mathematics, 2008). Bowland 
Maths  materials  include  examples  of  GBL  which  were  designed  to  support  the 
Mathematics teaching in Key Stage 3. The data collection protocol of the study was 
designed as a role-playing activity; the researcher who organised the data collection 
played the facilitator role, while all trainees played the roles of subject matter expert 
in the study. The trainees listed their perceived potential of GBL in a five-minute 
brainstorming session. Then, they were directed to identify and justify the  learning 
idea ranked as having most potential by answering the following questions: 
•  What  is  your  top ranked  potential  of  game-based  learning  for  your 
students?? 
•  Why do you choose it as the top ranked? 
•  What would you want the chosen GBL to be like? 
•  When could be the best time to use the chosen GBL for your students? 
•  Where the best setting for the chosen GBL could be situated? 
•  Who  would  benefit  if  you  developed  the  chosen  GBL  idea 
successfully?  
After that, a guided self-evaluation session was done using De Bono’s (2000) 
Six Thinking Hats.   
After the data collection, NVivo was utilised to prepare the data for qualitative 
analysis.    Three  analysis  techniques  were  used  in  this  study:  pattern  matching, 
narrative text coding, and logical model mapping. The pattern matching technique 
was used to juxtapose the trainees’ perception with the potential identified through 
literature review. After that, the data was classified typologically using a narrative 
text coding approach, to investigate how trainees justified their perception. A logical 
model mapping technique was used to identify the possible gaps of knowledge and 
skills possessed by the trainees in producing their GBL.  
Findings 
The  trainees  generated  95  ideas,  and  they  ranked  their  ideas  based  on  the 
perceived potential. Table 1 shows the typology of top ranked ideas, classified using 
Bloom’s (1974) three learning domains of educational objectives.  
Domain  Perceived potential of GBL 
Affective 
(Attitude) 
Appeal to different types of learners 
Second Life Circle Time 
Team building 
Why love ring road rules 
Interactive online community school 
Cognitive 
(Knowledge) 
Simulation: distance / time / speed 
relationship 
Positive / negative fractions to obstacle 
course 
Problem solving  
Penguin tossing angles velocity 
Show relevance of maths 
Analytical thinking 
Fraction grid game 
Developing avatars’ maths skills 
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(Skills)  Class investigations 
Use Interactive Whiteboard pods 
Use for an investigations activity 
Using real life applications 
Mapping / bearings finding treasure 
English / Drama student shoot ‘em up 
through a maze 
Simulate real world example of 
Mathematics 
Weekly pupil vs teacher 
competitions 
Investigate Bowland activities in 
groups 
Teacher creates maths world 
Table 1: The typology of top ranked ideas grouped under three domains. 
In general, the trainees were aware of the potential of GBL. Most of them 
regard fun / entertaining, engaging and ease teaching as the rationale for choosing the 
top ranked ideas, as shown in Table 2.  
Rationale  Mentioned  Examples included… 
Fun / entertaining  6  Consolidate fractions using in a fun way 
Engaging  5  Engaging practical application 
Ease teaching  5  Easy to implement 
Useful for all ages, ability groups 
and cultures 
4  Involves cross cultures, ages, abilities 
Working together   4  Opportunity for whole class to work together 
Promote affection toward 
learning / subject matter 
3  Could help pupils to see the beauty of maths. 
Beneficial learning  2  Beneficial to learning 
As enhancement  2  Goes beyond normal curriculum 
e-learning / distance learning  2  They can be in school even if they are [physically] 
off school 
Competition  1  Element of competition and wanting to ‘beat the 
teacher’. 
Simulation of real life/ virtual 
reality 
1  Real life interaction, navigation, most entertaining 
whilst learning. 
Interactivity  1  Interactive game 
Table 2: Rationale justifying the top ranked potential. 
When the trainees put on the white hat, most of them were able to be realistic 
by listing facts about possible difficulties they might face. For example, Trainee No. 9 
mentioned that, to put GBL into practice, “will take a lot of organisation, planning 
and  need  to  sort  out  game  and  investigation”.  Trainee  No.  10  echoed  that  “[it] 
requires  a  moderator  to  organise…time  needed”.  ICT  requirements,  particularly 
computer  software,  hardware  and  Internet  access  should  be  ready  for  successful 
implementation (Trainees No. 11, No. 22, No. 23 and No. 25.)   
Two contradictory questions were used to guide critical thinking and positive 
thinking:  why  it  will  /  will  not  work?  (See  Table  3.)  Ten  key  arguments  were 
presented for each type of thinking. The majority of the trainees regarded their ideas 
as fun, interesting, exciting or engaging—reasons why they would work; however 
most of them thought their idea would appeal to certain learners only, mainly because 
of social barriers.    
Black hat (critical thinking) 
Why it will not work 
Yellow hat (positive thinking) 
Why it will work 
Arguments  Ref  S  Arguments  Ref  S 
Appeals to certain learners only / 
social barriers 
19  11  Fun, interesting, exciting and engaging  18  15 
Depends on games’ quality   9  8  Effective teaching materials (reusable, 
updatable, variety) 
9  7 
Access to software, hardware or 
Internet 
7  6  Autonomous / self-paced / flexible 
learning  
9  7 
Technical constraints / monitoring  6  5  Learners’ preference / ease learning  8  7 
Potential for ICT mishaps / 
overexcitement 
5  5  Subject matter relevance / related to 
real life 
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Return on investment / educational 
usefulness 
5  4  Competitiveness  6  5 
Practicality  5  4  Teamwork / social interaction / 
collaborative learning 
4  3 
Costly (development / 
implementation / maintenance)  
4  4  Ease teaching (prepare, teach, 
monitor, etc) 
3  3 
Requires self-motivation / 
teacher’s motivation 
3  3  Assessment (self-assessment, 
assessment for learning) 
3  3 
Irrelevant contexts  3  3  Rewards to learners  2  1 
Table 3: Self-evaluation on why perceived GBL ideas will work / will not work. Ref = references; S = 
sources. 
The  red  hat  was  worn  to  generate  opinion  based  on  positive  or  negative 
feeling, or both. Most of the trainees had positive feelings about their perceived ideas, 
as shown in Table 4, while four negative views were collected.  
Frequency of mentioned  Positive words mentioned 
4  Fun; like 
3  Engage; work; good; love; interesting 
Table 4: Positive words mentioned when the red hat was virtually worn. 
The green hat was used to evaluate the perceived ideas creatively.  Most of 
trainees focused on adding features or inter-platform operability to their game ideas. 
Three of them suggested getting students involved in the creation of GBL (Trainee 
No.4, No. 9, and No. 21).   
Conclusions 
The trainee teachers could identify the potential of GBL and were willing to use it in 
teaching.  The  most  popular  rationale  for  using  GBL  amongst  trainees  was 
‘engagement’, but the nature of the generated ideas was not as engaging as those 
described by game designers. Furthermore, the trainees’ perception of GBL is not 
similar to that of game designers because of the general mismatch between the ideas 
generated  by  trainees  and  the  engaging  elements  found  through  literature  review. 
Game designers and developers see engagement in a game as a matter of success or 
failure in total (Fullerton, Swain and Hoffman 2004, Koster 2005). The aim of the 
engagement in game playing is to reach the flow state (Prensky 2007). On the other 
hand,  the  trainees  generally  regarded  learning  as  an  assessable  activity,  thus  they 
perceived  engagement  in  learning  as  something  measurable,  perhaps  in  terms  of 
degree,  level  or  percentage.  This  finding  echoes  the  attempts  of  measuring 
engagement in academia (Dondi and Moretti 2007, O'Brien and Toms 2008, Kearney 
2007). Such a diverse conception could result in fatal confusions in GBL production 
and evaluation, since what might be thought as a failed game in creative industry 
could be rated as relatively less engaging game in academia. Further research should 
focus on bridging or blending the gaps. 
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How secondary teachers structure the subject matter of mathematics 
Anne Watson Department of Education, University of Oxford 
There  are  no  large  studies  that  focus  on  how  mathematical  ideas  are 
structured in those lessons which lead to the successful learning of key 
mathematical  ideas.  There  are  some  clues  in  pan-cultural  comparative 
studies that ‘coherence’ and ‘complexity’ are critical features of the way 
mathematical ideas are treated. In our work with about 40 lesson videos 
available from various studies we have come to understand that example 
choice, task design, variation, and certain key mathematical activities play 
a  part  in  engagement  and  learning,  whatever  the  teaching  style,  social 
context, lesson structure and interaction patterns.  
Keywords: mathematics teaching; comparative mathematics teaching; 
mathematics lesson styles; mathematical understanding 
Introduction 
Current literature in mathematics education, world-wide, distinguishes between so-
called ‘traditional’ teaching and so-called ‘reform’ teaching. The former is generally 
associated  with  worked  examples,  textbook-type  exercises,  and  students  working 
individually having first attended to the teacher’s exposition. The latter is generally 
associated with extended tasks, groupwork and shared construction of meaning. Other 
perspectives on mathematics education tend to accrete around these as if they are 
magnetic  poles:  thus  rote-learning,  procedural  understanding,  and  negative  self-
concept get attached to ‘traditional’, while mixed-ability grouping, realistic activity, 
and distributed knowledge get attached to ‘reform’. This polarisation of associated 
understandings of the nature of knowledge, learner identity, power structures, and the 
processes of learning seems to me to omit something essential about mathematics – 
that the mathematics that is available to be learnt in all these contexts is an agreed 
culture consisting of conceptual, or concept-like, understandings that are manifested 
in agreed forms of communication. Furthermore, these relate to each other in agreed 
ways. Some relationships arise in the notations we use, some arise in usage, and some 
arise in logical implications. Thus people who engage in mathematics act as if the 
meanings of what they do are shared. What counts as a mathematical object, meaning 
or concept in a reform classroom also has to count in a traditional classroom (and vice 
versa), and also has to count in any other mathematical situation, otherwise it is not 
mathematics. Focusing on what is common in mathematics lessons – what makes 
them ‘mathematics lessons’- rather than on what is different gives new ways to look 
at teaching and in this paper I am extending the thinking reported in two earlier papers 
which move in this direction (Watson 2004; 2007).  
Basic meanings 
The polarisation described above requires care in defining terms. When I use the word 
‘concept’ I am behaving as if there is a body of knowledge called mathematics which 
consists of defined meanings that individuals have to come to understand in some 
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doubt that the process of learning is social, and that the way mathematics has come to 
be  constructed  is  through  historical-cultural  process,  but  my  concern  here  is  that 
individual access to these ideas  should not be left to happenstance but  should be 
structured  carefully  by  teaching.  The  phrase  ‘structured  carefully’  reminds  some 
people of the cognitivist approach of putting learners into situations in which things 
are very carefully done to them in a pre-determined order, such as is done by some 
computer-assisted  programmed  learning  packages,  or  by  trailing  through  graded 
exercises in textbooks. Thus ‘structured carefully’ joins the accretion of meanings 
around  ‘traditional’  and  becomes  alienated  from  images  of  classrooms  in  which 
learners work together, talk, explore, generate their own understandings and so on. It 
also can be taken to be opposed to independent learning, and to mean the intended 
control of learning by the teacher. It can also be taken to mean a view of teaching and 
learning that runs on tramlines towards training the behaviour required to pass a test. 
However, if instead we take it to mean that the teacher designs the environment very 
carefully so that it is more likely that learners will pay attention to some aspects of 
mathematical objects rather than others, more likely to use certain language forms 
than others, and more likely to engage in some kinds of mathematical activity than 
others, then we can use the phrase to query all kinds of teaching, and all kinds of 
environment. 
Individual access to mathematical concepts is structured through sequences of 
tasks  –  things  learners  do.  The  word  ‘task’  has  come  to  be  associated  with  the 
‘reform’ pole, and hence to mean something exploratory, extended, complex, open-
ended. However, I use it to mean anything a learner is asked to do, or chooses to do. 
Listening  to  a  teacher’s  explanation,  doing  textbook  questions,  constructing  a 
decahedron, designing packaging for tennis balls are all tasks. This means that lesson 
design is about sequencing tasks, and embedding tasks, rather than occasionally using 
tasks. This view of ‘task’ makes it possible to think through a lesson in terms of what 
the learner is expected to do, and hence to think about what and how learners might 
learn while doing these tasks. Hypothetical learning trajectories can be imagined in 
terms of what it is possible to learn within the dynamic social context of doing a 
particular  task  in  a  particular  classroom.  This  contrasts  with  predicting  learning 
trajectories  from  theories  of  conceptual  or  cognitive  development,  and  then 
structuring researcher-designed task sequences for teachers to follow. 
The questions with which I approach lesson analysis are: 
•  what  is  available  in  this  lesson  from  which  students  can  learn 
mathematics? 
•  what are learners being asked to do? 
•  how could mathematical ideas develop within this lesson? 
Data 
The data I use for this paper come from two sources. The Changes in Mathematics 
Teaching  Project  (CMTP)  involved,  among  other  things,  analysing  video-lessons 
from three secondary schools. During this work I developed a way to look at lessons 
by combining ideas from several other studies (Watson 2007). We used this as a tool 
to prepare outline descriptions of lessons in terms of the intellectual demands of tasks, 
and how these were sequenced. 
The second source of data was the Mathematics Knowledge in Teaching e-
Research Project (MKiTeR) which we undertook with University of Auckland. We 
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impacted on the way they handled the mathematical content of their lessons, both at 
the planning stage and in the flow of teaching. For this we filmed two experienced 
teachers, one of whom had strong mathematics qualifications and one who had less 
specialised  knowledge,  and  two  new  teachers  with  a  similar  range  of  personal 
mathematics. We interviewed them pre-video about their intentions for the lessons. 
We interviewed them post-lesson, and returned later to ask about particular features 
that had interested us. Each lesson was analysed by four researchers in the UK, and 
was also sent to Auckland for more input. The analysis was done by applying tools 
we had already each used elsewhere. We then compared insights and discussed how 
we  had  adapted  our  tools  for  the  particular  use  of  seeing  how  mathematical 
knowledge impacted on the lessons. In this paper I focus on the use of the tools to 
map  the  mathematical  content  in  the  lessons,  and  this  was  seen  as  an  essential 
precursor to the main task of identifying impact (which is not yet done). 
Analysis of lesson structures 
From the CMTP project we edited particular mathematical content out of the data to 
construct outline structures of lessons, as shown in these examples: 
Lesson A 
•  T says how the ideas in the lesson 
sequence are progressing and 
what this lesson will be about and 
how it relates to last lesson;  
•  Interactive recap of definitions, 
facts, and other observations.  
•  T introduces new aspect & asks 
what it might mean.  
•  T offers example, gets them to 
identify its properties  
•  T gives more examples with 
multiple features; students 
identify properties of them.  
•  Students have to produce 
examples of objects with several 
features,  
•  Three concurrent tasks for 
individual and small group work:  
•  describe properties in simple 
cases;  
•  describe properties in complex 
cases;  
•  create own objects.  
•  T varies variables deliberately  
•  They then do a classification task 
& identify relationships within 
groups  
•  T circulates asking questions 
about concepts and properties.  
Lesson B 
•  T gives object with multiple 
features & asks students to "think 
about..."  
•  T indicates a classification by 
focusing on variables and 
variation;  
•  Students use prior knowledge to 
identify properties of diagram;  
•  T summarises what was done 
before and what problems to avoid; 
gives format sheet has two way 
classification to classify shapes,  
•  Students create objects with 
multiple features and classify them 
using the format, exemplifying 
different combinations of 
properties.  
•  Students induce generalisation and 
new definitions  
•  Students transform existing ideas 
in light of new experience  
•  Predictions and conjectures are 
written on the public board.  
•  Students do informal inductive 
reasoning.  
•  T leads association of ideas & 
generalisations.  
•  Students have to compare 
examples, explain and justify their 
comparisons and conjectures  
 Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
From Informal Proceedings 28-3 (BSRLM) available at bsrlm.org.uk © the author - 129 
Our aim was to describe the range of lesson-types in the project schools, but 
what we found was that every lesson was individual in these terms, according to the 
mathematical  ideas  being  taught,  the  students’  prior  experience,  and  the  normal 
practices of the classroom. All were also influenced by students’ contributions, so that 
the raw material for tasks was often provided by students, and hence the nature of the 
tasks was often dependent on what this material was. For example, if contrasting 
examples were generated by learners, the next task might be to compare them, but if 
learners offered examples of all one type, the next task might be to find a contrastive 
example.  There  were  also  examples  of  lessons  in  which  teachers  merely  scanned 
offered answers until ‘the right one’ appeared. 
Multiple analytical perspectives on mathematical content 
For the MKiTeR data, the Oxford team used the following foci: 
•  Lesson structure (as above) 
•  Operations entailed in classroom tasks (from Doyle (1983), adapted 
and used Andreas Stylianides). This analysis was particularly revealing 
with extended tasks, because it allowed us to see them as sequences of 
challenges  
•  Examples used and generated (Liz Bills). We explored what it was 
possible for students to infer from the examples they were given, and 
this gave us insight into students’ unanticipated responses. 
•  Methods  of  analysis  used  by  TIMSS  to  identify  mathematical 
coherence, rationale and complexity; these methods did not give access 
to what was coherent or how it was achieved. 
•  Variation (Thabit Al-Murani). Analysis of the dimensions of variation 
opened up in the lesson by teachers and students, and how these were 
developed, gave insight into what teachers thought were the important 
features of a concept. 
From these we found new ways to look at lessons. For example, one lesson 
which,  on  the  surface,  appeared  to  be  rather  disorganised  included  a  sequence  of 
questions which enabled students to shift from taking a discrete view of a concept to 
having  a  continuous  view  of  it.  In  another  there  was  frequent  mention  of 
mathematical habits of thinking. In another, the teacher wanted students to shift from 
‘own’ methods to an efficient method, but the choice of examples did not make this a 
necessity.  
Interactive teaching 
Most  of  the  lessons  included  features  of  ‘traditional’  and  ‘reform’  teaching,  and 
represents a culturally particular kind of collaborative, interactive, combination of 
whole-class, pair and individual work is now the norm in many English schools. This 
‘style’ takes account of both individual and collective sense-making, and attempts to 
structure  this  towards  conventional  understandings.  We  could  call  it  ‘English 
interactive’:  the  focus  is  on  talk  between  students,  in  small  groups,  and  between 
students and teacher in the whole class; the tasks which generate the talk can be of 
many kinds. A variety of other features, such as extended tasks, collaboration, choice 
of  grouping,  practice  exercises,  telling  the  students  things,  and  eliciting  their 
understandings all seem to fit into this general interactive atmosphere with teachers 
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So far we have only used these analytical tools with opportunistic samples of 
lessons and teachers. From some of the analyses differences have emerged which 
could  affect  mathematical  learning.  For  example,  interactive  teaching  includes 
responses to students and also guidance for students, but in most lessons an inductive 
form of reasoning, i.e. reasoning from recent experience, was endemic rather than 
reasoning  deductively.  Where  we  saw  deductive  reasoning  it  was  deliberately 
introduced and structured by teachers, such as asking for ‘because…’ to be added to 
every answer. It was worrying how few lessons included any attention to this kind of 
shift. The English interactive style includes aspects of transmissional, discovery and 
connectionist  teaching  (as  described  by  Askew  et  al.  1997)  but  the  nature  of  the 
connections being made varies. We found that, however ‘good’ the lesson by generic 
judgements  of  teaching,  no  non-specialist  teachers  made  connections  within 
mathematics, nor did they discuss mathematical implications of the work, whereas 
most specialist teachers did make such links. Interactive teaching also raises some 
equity issues about the social dynamics in classrooms outside the scope of this paper, 
and can give undue dominance to the mathematical ideas and social skills of certain 
groups of students. Another feature was a difference between teachers who posed 
challenging tasks to whole groups, then set about helping different students work on 
those tasks, and those who set less challenging tasks but targeted individual students 
to pose harder versions of it. Our choice of tools, applied to lessons which show high 
levels  of  interactive  teaching  skill,  can  reveal  these  hidden  problems.  However, 
without  more  knowledge  about  what  the  conceptual  flow  in  excellent  interactive 
teaching, all we can do is point to some deficiencies. 
Problems with research 
Because our tools focus on how mathematical content is handled, whatever the overt 
lesson type, they are ideally suited to producing detailed answers to questions posed 
loosely by the TIMSS video analysis team. Their ‘mathematics experts’ identified 
mathematical  rationale,  coherence  and  complexity  as  common  features  of  high 
attaining countries but could not say more than that. There are studies that probe 
‘typicality’ in mathematics classrooms, and studies that show how certain modes of 
teaching  make  a  difference  to  students’  learning,  but  nothing  that  looks  at  how 
mathematical ideas unfold in successful classrooms of all kinds. There are studies that 
record how much attention is given to conceptual understanding, but not how that 
attention is given or what conceptual understanding means. There are also problems 
with the definition of ‘success’, and how exceptionally successful teachers can be 
identified in order to find out what they have in common. It would be important to 
have a sample big enough to distinguish between those who train students well for 
tests  beyond  their  predicted  grades,  and  those  who  help  students  develop  robust 
conceptual understanding, and combinations of these, and to encompass those who 
work in departments in which a team approach to good teaching is the norm, and are 
outstanding  in  that  context,  and  those  who  are  working  in  more  isolated 
environments. In the session at the conference we discussed these matters further. 
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work of the MKiTeR project was funded by the John Fell Fund and involved Liz 
Bills,  Andreas  Stylianides,  Thabit  Al-Murani  in  Oxford  and  several  colleagues  at 
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Breaking the anxiety spiral: what can ITT providers do? 
Marcus Witt and Jill Mansergh 
School of Education, Bath Spa University  
There is considerable evidence that many primary teacher trainees come 
to their PGCE year with significant levels of anxiety about mathematics. 
Unless these anxieties are addressed, trainees may fail to remedy gaps in 
their subject knowledge, may fail to learn the required pedagogical skills 
and may pass their anxieties on to the children they teach. The fact that 
trainees’ attitudes to mathematics change considerably during their PGCE 
year represents  an opportunity for training providers to reduce anxiety 
levels. This study tracked the attitudes towards mathematics of a cohort of 
primary  teacher  trainees  throughout  their  PGCE  year  and  used  small 
group  interviews  to  explore  the  reasons  for  the  trainees’  changing 
attitudes. The findings revealed some unexpected factors, which may help 
providers  of  ITT  to  reduce  trainees’  anxiety  about  mathematics  in  the 
future. 
Literature 
There is considerable research evidence to suggest that people entering the teaching 
profession come with strong feelings about mathematics (Hogden and Askew, 2007) 
often as a result of their experiences as learners of mathematics (Unglaub, 1997). For 
primary teacher trainees, anxiety about mathematics is especially important as there is 
evidence  to  suggest  that  teachers  pass  their  anxiety  on  to the  children  they  teach 
(Burnett and Wichmann, 1997). There is a weight of evidence to suggest that anxiety 
about mathematics disrupts cognition (e.g. Ashcraft, 2002), thus hampering trainees’ 
ability  to  learn  the  associated  mathematical  pedagogical  skills.  Trainees  with  less 
secure subject knowledge, a possible consequence of high anxiety levels, have been 
shown to have less effective planning and teaching of mathematics lessons (Goulding 
et al., 2002).  
Research also suggests, however, that prospective teachers’ attitudes towards 
mathematics  can  and  do  change  significantly  during  the  course  of  their  training 
(Brown et al., 1999). This represents an opportunity for providers of initial teacher 
training to alleviate anxiety. Little is known at present about the factors during initial 
teacher training that might help alleviate anxiety levels in trainees and therefore the 
ways in which providers can make their provision more effective for such trainees.   
Data collection 
Here we report a study that sought to answer a number of important questions: 
•  What attitudes and anxieties do primary teacher trainees bring to their training 
course and where have these come from? 
•  How do these attitudes change during their training? 
•  What are the important factors that lead to these changes? 
The study used questionnaires administered at three time points to explore the 
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throughout  their  teacher  training  year.  The  questionnaires  examined  the  trainees’ 
anxiety  levels  through  a  shortened  version  of  the  Maths  Anxiety  Rating  Scale 
(MARS,  Suinn  and  Richardson,  1972)  and  contained  measures  of  the  trainees’ 
perceptions of themselves as mathematicians and as teachers of mathematics. Data 
about the trainees’ highest mathematical examination pass and their prior experiences 
of working in primary classrooms were also collected in the initial questionnaire. The 
factors influencing attitudinal changes were explored through group interviews with 
some of the trainees.  
Findings 
The questionnaire data indicated that trainees come to their teacher training year with 
widely  differing  levels  of  anxiety  about  mathematics,  with  about  15%  showing 
anxiety levels greater that 1 standard deviation above the mean. However, during the 
interviews,  the  majority  of  trainees  indicated  some  level  of  anxiety  about 
mathematics,  almost  always  as  a  result  of  their  own  experiences  as  learners  of 
mathematics. This was interesting, as all the trainees had a minimum of a GCSE 
Grade C, which would make them all relatively successful learners of mathematics. 
However, a large number of them were aware that they had learned mathematics in a 
highly  instrumental  way,  knowing ‘tricks  and  recipes’  to  get  to  the  right  answer, 
without any real understanding of the mathematics involved.  
Trainees’ anxiety levels correlated significantly with their views of themselves 
as  a  mathematician  and  as  a  teacher  of  mathematics.  Initially,  their  views  of 
themselves as a mathematics teacher also correlated significantly with their level of 
classroom experience. However, as expected, this relationship became non-significant 
by the end of their PGCE year. Stepwise regression with self perception as a teacher 
of mathematics as the dependent variable showed that anxiety levels, prior experience 
in the classroom and self-perception as a mathematician contributed unique variance 
on  entry.  By  the  end  of  the  course,  only  perception  of  self  as  a  mathematician 
contributed unique variance.  
During the year the trainees’ anxiety about mathematics reduced significantly. 
There were statistically significant drops in anxiety levels between September and 
December  and  between  December  and  April.  The  group  of  trainees  who  had 
significantly high levels of anxiety on entry also showed significant reductions in 
anxiety levels over the course of the year. However, this group of trainees were still 
significantly more anxious than their peers by the end of the course. Their anxiety 
levels did not seem to have dropped any more than those of trainees who less anxious 
at the beginning of the course.  
The group interviews provided some interesting illumination of the statistical 
data.  Trainees  come  to  their  PGCE  year  with  ideas  about  mathematics  and 
mathematics  teaching.  Those  who  have  had  a  negative  experience  as  learners  of 
mathematics do not necessarily come determined not to repeat the mistakes of their 
own mathematics teachers. For many, they do not realise that mathematics can be 
taught in ways that are not negative.  
Less anxious trainees were content to be ‘taught’ some subject knowledge and 
simply  to  refresh  mathematics  that  they  had  not  used  for  some  time.  The  more 
anxious trainees saw the opportunity to do some mathematics as extremely valuable. 
They needed more than simply to be reminded how to do something.  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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“I have this problem of, if someone explains it to me I understand it, but then 
when I go away, like on  a test and I have to do  it for  myself, or apply it to 
different numbers I’m like whooooaaahhhhh.” 
“We were shown how to do that and I got it, but having the chance to actually do 
it, that really helped.” 
This suggests that providers of initial teacher training need to do more than 
offer a ‘one-size-fits-all’ subject knowledge provision. The element of choice as to the 
level of subject knowledge provision offered seemed to be particularly important to 
the most anxious trainees. Their being grouped with other trainees who were anxious 
about and less confident with mathematics enabled them to engage more with the 
teaching,  to  ask  questions  and  to  ‘have  a  go’  without  the  feeling  that  their  more 
confident peers were judging them. The freedom to ‘have a go’ and not to be worried 
about making mistakes was identified as particularly important by the more anxious 
trainees.  
Given this, the approachability of tutors was identified as being important as 
was the fact that tutors had a sense of humour and did not reinforce a pre-conceived 
notion of mathematics as a dull and dry subject. Students’ confidence in mathematics 
was increased by feeling able to approach tutors to ask questions, to make suggestions 
in teaching sessions and to have a go at problems without the feeling that the tutors 
would become impatient or dismissive. Patience was identified as an important trait in 
a tutor.  
“They all work to your level. If you don’t get something right, it doesn’t matter. 
They are willing to work through it with you until you do understand it.” 
There was a complex relationship between the trainees’ level of anxiety, their 
subject knowledge and their understanding of pedagogy. Pedagogy sessions, although 
not designed specifically to address subject knowledge, were places where trainees 
had  made  significant  advances  in  their  mathematical  understanding.  For  many 
trainees,  being  shown  ways  of  explaining  a  particular  mathematical  concept  to 
primary school children acted as a trigger for making leaps in their own conceptual 
understanding,  which  in  turn  led  to  much  greater  confidence  with  their  own 
mathematics.   
Pedagogy sessions also served to change trainees’ views of mathematics itself. 
There was an emerging sense that the tutors themselves were acting as ambassadors 
for mathematics. The fact that tutors had a sense of humour and were seen as being 
very approachable and meant that the trainees’ perception of mathematics itself was 
changed. For example, in one session on problem solving, the trainees were asked to 
think about ways of finding the weight of a (very lively) cat that wouldn’t sit on a pair 
of scales long enough to be weighed. The tutors acted out weighing a person and then 
that person holding the cat. Surprisingly, trainees commented that seeing tutors acting 
in  this  way  served  to  change  perceptions  about  mathematics  being  a  dry  and 
humourless subject.  
“Using physical examples of people standing on chairs and tables has proven that 
you can enjoy maths, it doesn’t have to be dull.” 
Not all the trainees lost their anxiety about mathematics during the year. Those 
who remained anxious rationalised their anxiety by realising that it put them in a 
better position to understand those children who do not find mathematics an easy 
subject. 
The  findings  provide  a  rich  insight  into  the  thinking  of  primary  teacher 
trainees as they grapple with mathematical subject knowledge, pedagogy and their Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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own feelings during their training year. They represent an excellent source of ideas 
for providers of initial teacher education to develop and adapt their courses so as to 
make better provision for anxious trainees and help to break the chain of mathematics 
anxiety.  
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Imag(in)ing three-dimensional movement with gesture: ‘playing turtle’ or 
pointing? 
Candia Morgan and Jehad Alshwaikh  
Institute of Education/London Knowledge Lab, London 
Abstract: Use of the metaphor of ‘playing turtle’ is commonly seen as an 
important  and  successful  way  in  which  students  may  make  sense  of 
construction of two-dimensional shapes in Logo turtle geometry. During 
teaching with a three-dimensional ‘turtle world’, teachers and researchers 
made  extensive  use  of  specialised  hand  gestures  when  attempting  to 
communicate  with  students  about  three-dimensional  movement.  While 
students made use of similar gestures, we found that the meanings they 
appeared to make with the gestures were different from those anticipated 
and that the ‘playing turtle’ metaphor did not easily transfer into the three-
dimensional context. We will discuss how use of gestures in this context 
related to other modes of representation available to the students. 
Keywords: gesture; Logo; representation; three-dimensional geometry 
Introduction 
It may be argued that three-dimensional geometry is all around us in the space 
we inhabit. Yet common approaches within the school curriculum provide relatively 
limited forms of experience, often relying almost exclusively on paper-based two-
dimensional  representations  of  three-dimensional  objects.  Operating  with  such 
representations  of  three-dimensional  space  requires  a  focus  on  the  properties  and 
relationships  within  and  between  objects  and  familiarity  with  the  conventions  of 
specialised semiotic systems (e.g., perspective drawing, isometric drawing, plans and 
elevations).  We  conjecture  that  some  of 
students’  difficulties  with  three-dimensional 
geometry  arise  from  a  disjunction  between 
their  everyday  physical  experience  of  space 
and  their  experiences  with  such  conventional 
systems. 
In  this  paper  we  report  on  a  teaching 
experiment,  involving  a  multi-semiotic 
interactive learning environment, MachineLab 
Turtleworld (MaLT), produced as part of the 
ReMath  project  [1].  This  environment, 
designed  by  the  University  of  Athens  Educational  Technology  Lab (ETL)  project 
partners,  incorporates  a  three-dimensional  turtle  geometry,  driven  by  a  Logo-like 
language (see Figure 1). It also includes variation tools for direct manipulation of 
variables, though we do not discuss this component of the software in this paper. The 
                                                 
1 ReMath (Representing Mathematics with Digital Technologies) funded by the European Commission 
FP6, project no. IST4-26751. 
Figure 1: MaLT screenshot 
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pedagogical plan used in the London-based teaching experiment [2] was designed to 
allow  us  to  investigate  the  meanings  students  would  make  in  relation  to  three-
dimensional Logo geometry through their semiotic activity in the context of working 
with MaLT and other modes. The teaching experiment was conducted with a Year 8 
class  (aged  12-13  years)  in  a  state  secondary  school  in  London.  The  school  set 
students by attainment for mathematics; this class was ranked 4 out of 5 in the year 
group. A sequence of nine lessons was taught collaboratively by the class teacher, the 
researchers and a student teacher attached to the class. 
A multimodal, multi-semiotic learning environment  
Interacting  with  MaLT  itself  involves  making  use  of  several  inter-related 
systems  of  representation,  including:  the  paths  formed  by  turtle  movement  in  the 
Turtle Screen (graphic), instructions and procedures constructed in the Logo Editor 
(symbolic)  and  the  variation  tools  (dynamic  visual  and  symbolic).  The  social 
environment of the teaching experiment was intended to allow, and indeed encourage, 
communication  through  talk  and  various  paper-and-pencil  based  forms  of 
representation. Moreover, wherever mathematical communication takes place in face-
to-face  contexts,  body  language  and  gesture  also  play  a  part  (see,  for  example, 
Bjuland, Cestari, & Borgersen, 2007; Radford & Bardini, 2007). Each of the various 
available semiotic systems provides a different range of meaning potentials (Kress & 
van Leeuwen, 2001). For example, as O’Halloran argues, visual modes such as graphs 
allow representation of ‘graduations of different phenomena’ rather than the limited 
categorical  distinctions  available  through  language  or  algebraic  symbolism,  while 
dynamic modes additionally allow the representation of temporal and spatial variation 
(2005, p.132). In investigating the meanings that students make within such a multi-
semiotic environment, it is important to consider their use of all these modes and the 
relationships between them. See Morgan & Alshwaikh (2009) for more details of the 
transcription and analytic methods used with such multimodal data. 
Why consider gesture? 
As we started to view the video data collected 
during  use  of  MaLT,  it  was  noticeable  that  the 
teachers  and  researchers  made  extensive  use  of 
gestures in an apparent attempt to  support students’ 
planning  and  execution  of  constructions  in  MaLT. 
One  significant  type  of  gesture  was  a  set  of 
stereotyped  hand  and/or  arm  movements,  often 
associated with use of the terms turn, pitch (or more 
frequently  up  or  down)  and  roll  and  the  associated 
Logo instructions (see Figure 2 for the codes used in 
transcription of these gestures). This set of gestures 
constitutes a new semiotic system, linked with, but not 
identical to, both the linguistic description of three-
dimensional  movement  and  the  symbolic  system  of 
Logo.  Students  also  made  use  of  these  and  other 
gestures to support their communication about turtle 
movement. We became interested in students’ adoption of these new signs and in the 
                                                 
2 The pedagogic plans used in the ReMath project may be found at  http://remath.itd.cnr.it/index.php 
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relationships between the semiotic activity of teachers and researchers and that of the 
students. 
Playing turtle 
For the teachers and researchers, using these gestures as ways of thinking and 
communicating  about  movement  of  the  turtle  within  MaLT  seems  a  natural 
consequence of our experience with using two-dimensional versions of Logo. The 
metaphor  of ‘playing  turtle’ formed  part  of  our  experience  of  ‘Logo  culture’  and 
constituted for us a more or less implicit theory about learning with Logo. In Papert’s 
seminal  Mindstorms  (1980),  he  argued  that  turtle  geometry  is  useful  for  learning 
because it is body syntonic, “firmly connected to children’s sense and knowledge 
about  their  own  bodies”  (p.63).  This  connection  to  personal  bodily  knowledge  is 
operationalised through ‘playing turtle’, either literally by walking along a path or 
metaphorically in the imagination.  
In the 3D context, it is not possible to physically act out turtle movements with 
the whole body. Instead, the hand (or a toy aeroplane held in the hand) substitutes for 
the body. Our Greek partners ETL incorporated the idea of body syntonicity as an 
explicit  theoretical  justification  for  their  own  pedagogical  plan,  implemented  in 
Athens: 
This is a sequence of tasks for students, taking them from an initial introduction to 
the software and its functionalities through to a number of geometrical simulation 
challenges in the 3d space and opportunities for creative exploration through body 
syntonic activities. Initially students will be asked to explore turtle’s turns and 
moves by using different sets of 3d Logo commands and then to use them to 
demonstrate an aeroplane taking-off with the use of a relevant tangible concrete 
object (e.g. a model of a 3d aeroplane). 
We  adopted  a  similar  initial  activity  in  our  own  introduction  of  MaLT  to 
London  students,  and,  having  done  so,  also  incorporated  use  of  gesture  into  our 
further communications about three-dimensional movement throughout the teaching 
experiment,  attempting  to  encourage  students  to  associate  a  sense  of  their  bodily 
movement with the Logo symbolism. 
We now briefly present two episodes from the teaching experiment in which 
the teachers and researchers modelled use of gestures to ‘play turtle’. Then we present 
in  somewhat  more  detail  an  analysis  of  an  episode  of  a  student’s  use  of  similar 
gestures. In the next section, we discuss differences in the meanings associated with 
the gestures by teachers and researchers and by the student. 
Episode 1: 
In the introductory session with MaLT, the first author introduced the notion 
of turtle movement using a toy aeroplane as described in the ETL team’s pedagogical 
plan. She accompanied the physical movement of the hand/aeroplane with a verbal 
description, using and stressing the terms pitch, roll and turn in synchrony with the 
associated gestures.  
Episode 2: 
In a later lesson, recognising that some students were still having difficulty 
distinguishing between these different kinds of turn, the class teacher used her arm 
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class. She was careful to follow the conventions of the gesture system in order to 
emphasise the relative nature of turtle movement. Thus, for example, she turned her 
hand in a down pitch gesture when given the instruction to go 
down, even though this resulted in her hand pointing horizontally 
as in Figure 3. This resulted in conflict for students between their 
intended outcome and the visual feedback provided. This conflict 
was  quickly  resolved  with  choice  of  the  correct  Logo  turn 
instruction. 
Episode 3: 
T, having constructed one rectangular wall, was trying to construct a second 
wall  perpendicular  to  the  first.  She  explained  what  she  was  trying  to  draw  using 
language  and  gesture.  Her  words  are  shown  in  Table  1,  together  with  a  verbal 
description and a sketch of the accompanying gesture. 
Table 1: T imagines a wall 
The switch (lines 3 - 4) between use of right and left hands appears to be a 
response to the physical difficulty of achieving the desired position with the right 
hand (see Figure 4).  
We consider what remains 
the  same  and  what  is  changed 
with  this  switch  of  hand.  The 
switch  allows  T  to  maintain  the 
direction in which the fingers are 
pointing  (down).  This  may  be 
taken  to  represent  the  turtle 
heading within the vertical plane 
parallel to the screen. However, in 
switching  arms,  she  changes  the 
relationship  between  arm  and 
hand  from  a  turn  gesture  to  a 
pitch  gesture.  We  use  turn  and 
1  here  whole rt arm vertical P0, palm facing away from body, 
moves up in direction of fingers 
 
2  turn here  TR, arm moved in direction of fingers (maintaining TR 
position) 
 
3  turn here  attempt to move rt hand TR again (too difficult?)   
4    switch to lt hand, arm horizontal pointing rt, hand 
PDN (fingers pointing down) 
 
5  turn here  moves forearm clockwise, hand still PDN (fingers 
pointing left) 
 
6  but I want it to 
come forward 
turns arm (awkwardly) so that, hand still in PDN 
position, fingers point towards body 
 
Figure 3: down 
pitch 
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pitch  within  the  conventions  set  up  by  the  teachers/researchers  and  the  Logo 
language,  not  to  suggest  that  T  associates  her  gestures  with  these  terms.  On  the 
contrary, she does not appear to attach any significance to the distinction, focusing 
solely on the position of her hand and the direction in which her fingers are pointing 
in  order  to  describe  the  intended  turtle  movement.  While  she  is  to  some  extent 
‘playing  turtle’  with  her  hand,  she  is  defining  the  turtle’s  movements  by  using 
position and heading at the corners of her imaginary wall rather than by using turn 
and distance as required by the Logo language. The use of the turn and pitch gestures 
is thus not supporting her move into using Logo code and may indeed have made her 
communication with teachers/researchers less effective. 
Contrasting gestures: imaging process vs. imagining object 
In considering the difference between the ways in which teachers/researchers 
and students were using the ‘same’ gestures, we distinguish between the two notions 
of imaging and imagining. We define imaging as using gesture to create an image of 
the construction of the turtle path. The movement of the hand mimics the movement 
of the turtle: the forearm is held parallel to the current heading of the turtle and the 
hand is moved to define the next heading. Thus, as in Figure 5, the gesture indicating 
‘up pitch’ is always relative to the current heading of the turtle. In both episodes 1 and 
2, the teacher/researcher gestures were imaging the process of construction of the 
turtle path. 
 
   
 
Figure 5: All these gestures indicate ‘up pitch’ 
In contrast, in episode 3 student T used apparently similar hand movements to 
construct very different meanings. For her, the relationship between forearm and hand 
did not appear to have significance, as she was willing to substitute a pitch down 
gesture with her left hand for a turn right gesture with her right 
hand. We characterise her use of gesture as imagining, referring to 
her mental image of the desired outcome of turtle drawing. In this 
episode, as in several other episodes of student gesture within the 
data set, the gesture indicates the desired direction of movement in 
order  to  draw  the  desired  outcome,  rather  than  indicating  the 
required type of turn. Thus, for example, a movement in the ‘up’ 
direction (within the plane of the screen) might be indicated by use 
of the spoken word “up” and a ‘down pitch’ gesture (Figure 6). 
Concluding remarks 
Teachers and researchers used specialised hand gestures to communicate with 
students about three-dimensional movement. Students used the ‘same’ gestures but to 
communicate different meanings in relation to turtle movement. Whereas the imaging 
Figure 6: 'down pitch' 
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by teachers/researchers mimicked turtle movement in a kind of ‘playing turtle’ action, 
student  use  of  gesture  to  imagine  the  outcome  of  the  movement  seems  closer  to 
deixis, pointing in the direction of movement from a viewpoint outside the turtle. 
Indeed, one student explicitly refused to accept the ‘playing turtle’ metaphor offered 
to her by a researcher: 
JA  if you imagine yourself as a turtle, how are you going to move? 
K   it is very uncomfortable imagining myself as a turtle ... erm 
JA   or imagine your hand 
K  I don’t want to be a turtle 
Pointing  is  a  widespread  form  of  representation  of  position,  common  in 
everyday  discourse.  While  it  might  appear  at  first  sight  that  students  adopted  the 
specialised  gestures  employed  by  the  teachers/researchers,  the  students’  use  and 
interpretation of these gestures may be closer to the resources of everyday discourse 
than to those of the MaLT microworld. 
While the scope of the teaching experiment described here was limited, our 
observation  of  these  different  ways  of  gesturing  turtle  movement  leads  us  to  ask 
whether  the  ‘playing  turtle’  metaphor  is  fully  adaptable  and  relevant  to  the  three 
dimensional  context?  While  we  have  extensive  knowledge  of  our  own  body 
movement in the normal two-dimensional horizontal plane that can be connected to 
the movement of a turtle in the vertical plane of the computer screen, our experience 
and knowledge of movement in three dimensions is much more limited. Many of the 
movements required of a turtle constructing a path in the three-dimensional space of 
MaLT are impossible for the human body within its normal environment. The extra 
leap of imagination required to ‘play turtle’ as if in control of an acrobatic aircraft or 
perhaps in deep water with highly developed underwater manoeuvrability may be too 
great for genuine body syntonicity. 
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BSRLM Geometry working group: proof and proving in current classroom 
materials  
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Research  across  many  countries  reports  that  teaching  the  key  ideas  of 
proof and proving to all students is not an easy task. This paper reports on 
the session of the BSRLM Geometry Working Group which examined 
current classroom material from the UK with the intention of uncovering 
the  ‘opportunities  for  proof’  in  geometry  that  are  provided  by  such 
material. To carry out such an analysis three analytical frameworks are 
compared.  Two  of  the  analytical  frameworks,  while  placing  proof  and 
proving  in  a  wider  context  of  learners’  mathematics,  may  not  fully 
uncover the detail of proof and proving. The third analytical framework, 
while permitting a detailed analysis of explicit proof and proving, may not 
fully account for textbooks that devote most space to discussions of proof 
and proving and/or contain problems that implicitly provoke proof. This 
comparison  reveals  some  of  the  complexity  of  textbook  analysis  and 
suggests that further work is needed on a suitable analytical framework.  
Keywords: Mathematics; Geometry; Proof; Proving; Textbooks; 
Secondary school. 
Introduction 
As the Trends in International Mathematics and Science Study continues to confirm 
(see, for example, Foxman 1999, Mullis, Martin and Foy 2008), in most countries the 
textbook  remains  the  primary  basis  of  mathematics  instruction.  On  average, 
internationally, over 60 percent of teachers report using a textbook as the primary 
basis of their lessons – with a further 30 percent or more reporting using textbooks as 
a supplementary resource. In terms of textbook use in England, the latest TIMSS 
results (see Mullis, Martin and Foy 2008, 288-291) indicate that using a textbook as 
the primary basis of lessons remains fairly stable at the lower secondary school level. 
For example, with Year 9 pupils (aged 13-14), over 40 percent of teachers in England 
report  using  a  textbook  as  the  primary  basis  of  their  lessons  –  with  a  further  45 
percent or more reporting using a textbook as a supplementary resource. 
Proof  and  proving  is  central  to  mathematics;  yet  research  across  many 
countries reports that the teaching of the key ideas of proof and proving to all students 
is not an easy task (for a review see, for example, Mariotti 2007). Given this, it is 
fitting  that  proof  and  proving  is  the  focus  of  a  current  ICMI  (International 
Commission on Mathematical Instruction) study (see Hanna and de Villiers 2008). 
This ICMI study focuses on three major features of ‘developmental proof’, viz (ibid, 
p330): 
1. Proof and proving in school curricula have the potential to provide a long-
term link with the discipline of proof shared by mathematicians. 
2. Proof and proving can provide a way of thinking that deepens mathematical 
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3. Proof and proving are at once foundational and complex, and should be 
gradually developed starting in the early grades. 
All this indicates that it is worthwhile examining the design of textbooks with 
a view to uncovering the ‘opportunities for proof’ in geometry that are provided by 
current lower secondary school classroom material. The intention of this paper is to 
complement earlier papers from the BSRLM Geometry Working Group that have 
reported on the nature of geometrical reasoning (Jones 1998), the forms of classroom 
tasks  that  support  the  proving  process  (Mogetta,  Olivero  and  Jones  1999),  the 
teaching and learning of proof and proving in geometry (Jones and Rodd 2001), and 
opportunities provided in contemporary textbooks in England, Scotland and Japan for 
the development of students’ geometrical reasoning (Fujita and Jones 2002). 
Research on textbooks 
While,  as  noted  above,  textbooks  remain  a  feature  of  almost  all  mathematics 
classrooms at the secondary school level, research on their use in the classroom is 
comparatively limited. Nevertheless, there are a number of relevant studies.  
Hanna and de Bruyn (1999), for example, investigated the frequency of items 
presenting proofs, discussions of proof, and exercises requiring the construction of 
proofs  in  a  sample  of  textbooks  used  in  Grade  twelve  (students  age  17-18)  in 
mathematics in Ontario, Canada. Their study revealed that the textbooks were finely 
attuned to the Ontario Curriculum Guideline and that only in the topic of geometry 
did the textbooks do a “reasonable job” of providing opportunities to learn proof. 
Pepin  and  Haggarty  (2001)  report  on  the  use  of  mathematics  textbooks  in 
England,  France  and  Germany.  They  found  that  in  some  textbooks,  exercises 
predominated, with few connections made between the concepts practised - while in 
others,  student  exploration,  questioning  and  autonomy  were  encouraged.  Herbel-
Eisenmann  (2007)  and  Herbel-Eisenmann  and  Wagner  (2007)  report  on  how 
mathematics  textbooks  can  ‘position’  the  mathematics  learner  in  relation  to 
classmates  and  to  the  world  outside  of  the  classroom  –  and,  in  particular,  what 
‘authority’ is given to student mathematical reasoning and justification. 
Vincent and Stacey (2008) examined a selection of three topics in a sample of 
nine Grade 8 textbooks from four Australian states. They looked at the procedural 
complexity of problems, the type of solving processes, the degree of repetition, the 
proportion  of  ‘application’  problems,  and  the  proportion  of  problems  requiring 
deductive reasoning. While reporting considerable differences between textbooks and 
between topics within textbooks, they conclude that the textbooks analysed featured a 
relatively  high  proportion  of  problems  of  low  procedural  complexity,  with 
considerable repetition, and an absence of deductive reasoning. 
Fujita and Jones (2002) report on an analysis of the approach to geometrical 
reasoning presented in best-selling lower secondary school textbooks from England, 
Scotland and Japan. They report that the textbooks from England and Scotland were 
primarily designed around a set of exercises - with mathematical theorems stated, 
rather than being developed or proved. In contrast, the selected Japanese textbooks 
attempted to develop students’ deductive reasoning through teaching ‘proof’ using 
various approaches. 
All this indicates that it is worth continuing to examine the ‘opportunities for 
proof’ in geometry that are provided by current lower secondary school classroom 
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complex relationship between the tasks presented in the textbooks and the impact that 
this has on student learning. 
Framework for analysing proof and proving in textbooks 
The approach used by Fujita and Jones (2002, 2003) to analyse textbooks was derived 
from the work of Valverde et al (2002). The technique is to section pages of the 
textbook into relatively coherent ‘blocks’ and then to code of each ‘block’ in terms of 
content, performance expectations and perspectives. The codes used for the analysis are 
shown in Appendix A.  
Vincent and Stacey (2008) make use of the ‘Coding Manual’ developed for 
the 1999 TIMSS Video Study (see LessonLab 2003). Here proof was defined as “the 
process of establishing the validity of a statement, especially by definition from other 
statements in accordance with principles of reasoning”; verification was defined as 
“the act or process of ascertaining the truth or correctness of a rule”; and derivation 
was  defined  as  “a  sequence  of  statements  showing  that  a  result  is  the  necessary 
consequence of previously accepted statements” (ibid, 66). The approach is that to 
qualify as a proof, verification or derivation, the target result “must apply to a class of 
problems  (for  example,  proof  of  the  Pythagorean  theorem)  rather  than  a  single 
problem, must be non-numeric, and must be arrived at through deductive reasoning” 
(Vincent and Stacey 2008, 90). 
Hanna and Bruyn (1999), by focussing solely on proof and proving, adopted a 
framework where sections of a textbook were classified into three categories: (1) non-
proof, (2) discussion of proof, and (3) proof. Non-proof items were those that had 
nothing to do with proving, such as calculating unknown angles in a geometric figure 
provided in the text. The statement of a theorem without proof or definition of terms 
was also considered a non-proof. Discussion items were those which discuss the 
creation of a proof, or provide guidance in how to go about it. Proof items included 
any section which provided a full or partial proof, such as the proof of a trigonometric 
identity or a geometry theorem, and any exercise which included the imperatives 
‘prove’ or ‘show’. Proof items were further divided into two broad categories: direct 
proof (proven through a sequence of deductions) and indirect proof (showing that if 
the proposition were false, it would lead to a contradiction). Hanna and Bruyn then 
broke down direct proofs into five further sub-categories: basic (just the direct proof), 
by analysis (for example, working backwards from the conclusion), existence or 
construction proof, proof by induction, and miscellaneous. 
Discussion 
The advantage of the approaches adopted by Fujita and Jones (2002, 2003) and by 
Vincent and Stacey (2008) is that geometrical reasoning is placed in a wider context of 
students work in mathematics. The disadvantage is that any ‘justifying and proving’ (in 
the case of Fujita and Jones) or ‘proof, verification or derivation (PVD)’ (in the case 
of Vincent and Stacey) is coded with the single code (of ‘2.4.5’ - see Appendix A – in 
the case of Fujita and Jones, and PVD in the case of Vincent and Stacey) and this 
might mask differences in approaches to proof and proving. Nevertheless, the analysis 
framework adopted by Fujita and Jones does provide a means of differentiating between 
other aspects of proof and proving such as ‘developing notation and vocabulary’ (code 
2.4.1), developing algorithms (code 2.4.2), generalising (code 2.4.3), and conjecturing 
and discovering (code 2.4.4). Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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Hanna and Bruyn (1999), in their analysis, differentiated between non-proof, 
discussion  of  proof,  and  explicit  proof.  The  advantage  of  this  approach  is  that, 
through focussing solely on proof and proving, a more sophisticated characterisation 
of  proving  is  possible.  A  disadvantage  is  that  the  greatest  sophistication  in  the 
analysis framework is in the component most developed is that of ‘proof’ in that this 
is not only further divided into two broad categories - direct proof and indirect proof – 
but then the category of direct proof is further divided into five sub-categories: basic, 
by analysis, existence or construction proof, proof by induction, and miscellaneous. 
This  might  be  fine  when  textbooks  contain  ‘direct’  proofs,  but  it  may  not  fully 
account  for  textbooks  that  devote  most  space  to  ‘discussion  of  proof’  and  that, 
perhaps as a consequence, do not dictate the form of proof in the student version of 
the textbook but rather provide suggestions to the teacher in the ‘teacher version’ of 
the textbook. 
Concluding comments 
In this paper, three analytical frameworks for uncovering the ‘opportunities for proof’ 
in geometry, as presented in school textbooks, are compared. Two of the analytical 
frameworks,  those  of  Fujita  and  Jones  (2002,  2003)  and  of  Vincent  and  Stacey 
(2008), while placing proof and proving in a wider context of learners’ mathematics, 
may not fully uncover the detail of proof and proving. The third analytical framework, 
by Hanna and Bruyn (1999), while permitting a detailed analysis of explicit proof and 
proving, may not fully account for textbooks that devote most space to discussions of 
proof  and  proving  and/or  contain  problems  that  implicitly  provoke  proof.  This 
comparison reveals some of the complexity of textbook analysis and suggests that 
further work is needed on a suitable analytical framework. 
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BSRLM geometry working group  
The  BSRLM  geometry  working  group  focuses  on  the  teaching  and  learning  of 
geometrical ideas in its widest sense. Suggestions of topics for discussion are always 
welcome. The group is open to all. 
Appendix A: analytical framework from Fujita and Jones (2003) 
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Working group on trigonometry: meeting 1 
Notes by Anne Watson 
Department of Education, University of Oxford 
Introduction 
For many years trigonometry has been seen as a critical hurdle for those who wish to 
achieve at GCSE. To understand trigonometry involves orchestrating many concepts 
which in themselves are known to be hard to understand: angles, rations, functions for 
example. This area of mathematics is therefore a rich arena for exploring how such 
understandings can be coordinated; how teaching might make this meaningful; as well 
as the nature of trigonometry. In this first meeting we developed some areas for future 
exploration and made a start at identifying existing work that might inform us. The 
complexities we uncovered made it very clear why many teachers, as well as students, 
take a short-term view and reach for algorithmic approaches. 
We found main clusterings of initial ideas: 
•  Prior or concurrent understandings entailed in trigonometry  
•  Difficulties and needs 
•  Teaching approaches we knew about that addressed the meaning of 
trigonometric relationships 
•  ‘Grownup’  understandings  that  might  help  us  understand  students’ 
difficulties 
Prior or concurrent understandings entailed in trigonometry  
Similarity: proportionality; multiplicative relationships: scaling of one line is 
experienced differently to enlargement of one line in relation to another. 
Angle:  measuring  the  amount  of  turn,  embodied  sense  of  turn;  eventual 
understanding of angle as independent variable in functions.  
Length:  why  comparing  lengths  multiplicatively  is  appropriate,  rather  than 
additively. 
Enlargements  as  transformations;  trigonometric  activity  as  transforming 
enlargements. 
Angle as variable; functions. 
Difficulties and needs 
What creates a ‘need’ to understand trigonometry in the students’ current flow of 
mathematical development? 
Technical language is a difficulty. 
Angle is sometimes previously understood as ‘vertex’, usually shaped like a 
wedge, cheese slice, angles about 30 degrees. Vertex is seen as the pointy bits of 
shapes, to be counted in order to describe properties of 2-d shapes. 
It is hard to find aspects of students’ experience in which equivalent ratios 
between lengths are understood, or classes of similar triangles are understood, in ways 
that trigger a need for trigonometry. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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SOHCAHTOA fulfils perceived immediate needs for resolving right angled 
triangles:  but  fails  to  show  why  we  should  be  interested  in  by  how  much  the 
hypotenuse has to be multiplied by to find the opposite or adjacent sides? 
Non-right-angled triangles ‘need’ sine and cosine rules to be resolved. 
Future  study  of  physics  and  maths  needs  functions  in  which  angle  is  the 
independent variable. 
Teaching approaches 
It  is  understandable  that  many  avoid  what  is  difficult,  and  focus  on  necessary 
algorithms only. 
One approach is to describe similar triangles in terms of relationships between 
sides. 
The unit circle approach addresses covariation of angle and position, described 
by height above axis. 
Another approach is to work out how to define particular triangles in minimal 
terms: need to know relationship between sides; for fixed angles (class of similar 
triangles), and ask how can the sides be worked out; then specialise to right-angled 
triangles; defining ratios using unit circle ratios and enlargement. 
‘Grown-up’ understandings that might inform teaching 
We could  see trigonometry as the study of classes of triangles. Specific triangles 
belong  to  classes  of  similar  triangles  (similar  to  the  relation  between  particular 
fractions, e.g. 6/8, and rational number class to which they belong, {¾}). Do students 
know what they are supposed to be paying attention to? What are the relationships 
that hold true in each class of triangles? 
Trigonometry can also be seen as study of minimal information about shapes 
with ratio as the main element of shapes, rather than particular lengths. Invariance of 
ratio  of  sides  as  angle  varies:  ratio  is  the  relation  between  sides  of  triangles; 
‘proportional’  describes  the  relationship  between  similar  triangles:  A:B  as  a:b,  as 
shown in this diagram: 
 
  Ratio relationship 
 
side A in big triangle  side B in big triangle 
Proportional 
relationship   side a in small triangle  side b in small triangle 
 
The unit hypotenuse in the ‘unit circle’ model is a canonical element that can 
be  referred  to  again  and  again  (see  Geometric  Images  (ATM  publication)  for  an 
approach involving mental imagery). 
‘Trig’  goes  beyond  properties  of  triangles,  it  is  about  mappings  between 
angles and relations between lengths.  
Outcomes of first meeting 
As well as the notes above, a mailing list has been compiled and readings have been 
circulated. Other people are welcome to join this group. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 28(3) November 2008 
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Plans 
Cambridge meeting: February 28
th 2009 
•  Jeremy Burke will report on the teaching design experiment carried out by 
PGCE students (to be published in Mathematics Teaching). 
•  Bibliography to be compiled. 
•  Reports from teachers about related work. 
•  Further discussion of issues. 
•  Programme of work to be devised. 
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